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PREFACE. 



The following work embraces all the subjects in Natural 
Philosophy required at the Matriculation Examination of the 
University of London. The demonstrations have been care- 
fully adapted to the requirements of those whose Mathematical 
knowledge does not extend beyond the First Book of Euclid, 
and the easier cases of Simple Equations. In a few instances, 
where Mathematical demonstrations present some perplexity 
to the beginner, experimental proofs have been substituted. 
Examples in illustration are given with all the more important 
propositions, and numerous other examples are added for 
exercise. I have endeavoured hereby to supply a work which 
should be generally useful as a First Book of Natural Philo- 
sophy. Some experience in teaching has confirmed the 
opinion, that the junior pupil may, with a twofold benefit, 
be early introduced to Natural Philosophy, as a branch of his 
Mathematical studies. The interesting applications which this 
study supplies of the processes and results of pure Mathema- 
tics greatly assist the beginner in thoroughly mastering these ; 
and his early familiarity with Mechanical principles, and 
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some at least of their practical applications, enables him after- 
wards to prosecute their more formal study at a considerable 
advantage. 

For the present edition the work has been to a large extent 
re-written; the points which were found to present most 
difiS.culty to the beginner have been farther simplified and 
illustrated by additional diagrams, some fresh matter has been 
introduced, and new examples have been added to those 
previously given. 

The sections marked by an asterisk * may be omitted by 
those who are reading only for the Matriculation Examination 
in the University of London. 

SAMUEL NEWTH. 

New OoUeff&, ZandoHy O^ober, 1866. 
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CHAPTER I. 

DEFINITIONS AND PRINOIFLBS. 

1. Toroe. — ^Whatever is capable of producing motion in a 
body, or any ekange in the motion of a body, is termed force. 

In other words, force is the name we employ to express that 
unknown cause which, under any circumstances, can produce a 
change in the state, whether of rest or motion, of any material 
body. 

Whatever causes a change in the motion of a body must be 
regarded as of like nature with that which produces motion, 
and hence the same term (force) ^ is applied to both, even 
althou^ there are some forces which, while they are able to 
change the motion of a body, can never produce it Such, for 
example^ are friction and resistances of all kinds. Forces of 
this nature can, it is evident, never act alone ; for some other 
force must be present in order to produce the motion which 
they change, and hence if but one force act upon a body, it 
must be one capable of producing motion. Also, if one fcnrce 
only act upon a body, motion must necessarily follow. 

3. EqmlibriTim.-^When two or more forces act upon the 
same body, their united effect may be such that no motion 
ensuea Whenever this is the case, the forces are said to be in 
equilibrium, 

3. Statics and D7namics.-*That branch of mechanics which 
investigates the relations which exist between forces in equili- 
brium is termed Statics; and that which investigates the 

B 
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effects of forces not in equilibrium, but producing motion, is 
termed Dynamics. 

4. Fressnre. — Whenever motion is prevented by muscular 
effort, as, for instance, when a weight is held in the hand and 
80 prevented from falling to the ground, or when an elastic 
cord is stretched and its rebound prevented, a sensation is pro- 
duced which we call pressure. But, just as in several other 
cases, the, same word is used both for the sensation and its 
cause — e.g,f sound, smell, taste — so is the term pressure applied 
also to the force whose resulting motion has been thus prevented. 
In this sense, then, pressure is force considered as the cause of 
the sensation which is felt when motion is prevented by muscular 
effort. It is with this meaning that the term is commonly 
employed in mechanics, although extended to all forces when 
the motion they are capable of producing is in any way pre- 
vented, whether it be by muscular action or not. Thus, whether 
a weight be held in the hand, or rest upon a table, in either 
case it is said to exert a pressure, and a pressure of the same 
amount. 

The commonest case of pressure is weight, and this supplies 
the most convenient standcml of reference by which to compare 
different pressures. By means of weight, other pressures may in 
most cases be easUy measured. Thus, when an elastic cord is 
held stretched by the hand, the pressure it exerts may be 
compared with others by determining what weight wiU keep 
the string stretched to the same degree. 

Since all questions considered in Statics refer to forces in 
equilibrium, all statical forces may be denominated pressures, 
and consequently may be measured by weight 

5. Bepresentation of forces. — ^Forces may differ from each 
other, not only in magnitude, but also in direction, and hence 
may be conveniently represented by straight lines; the direc- 
tion of the lines representing the direction of the forces, and 
the lengths of the lines, each being measured by the same 
scale, the magnitudes of the forces. 

Two forces are said to be parallel^ when the lines which 
represent them are parallel; and are said to be converging^ 
when the lines representing them are not parallel. 

Two conveiging forces will be called concurrent, if they both 
push towards or from the same point Two parallel forces 
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wOl be called concurreiit, if thej both push in the same direct- 
tion. 

6. Tension. — Force, when transmitted by means of a cord^ 
is sometimes spoken of as the tension in the cord. 

\ 7. Besultant. — ^The single force which represents the com- 
bined effect of several forces is termed their resultant; relatively 
to the resultant, these several forces are termed components oir 
component forces. Composition of forces takes place when two 
or more forces are replaced by a single force equivalent to them, 
that is, when the resultant is substituted for its components. 
Resolution of forces takes place when a single force is replaced 
by two or more forces equivalent to it, that is, when the com- 
ponents are substituted for their resultant. 

8. Eigid body. — A body is called rigid, when the relative 
position of its particles is supposed to be unchangeable. In 
other words, a rigid body is one which is supposed to be per- 
fectly hard, admitting of neither contraction, nor ezpansioD, 
nor rupture, nor twisting. 

9. Principle I. If twe forces, equal in magnitude and 
opposite in direction, act upon a rigid body, they are in equi- 
librium: and conversely, if two forces, acting upon a rigid body, 
are in equilibrium, they are equal and opposite. 

This is the simplest possible case of equilibrium, and is as* 
sumed as an axiom. 

10. It follows from the preceding, that if any number of 
forces be in equilibrium, any one of them must be equal in 
magnitude and opposite in direction to the resultant of the 
rest. For if, instead of the remaining forces, we substitute 
their resultant, we shall have but two forces; namely, this 
resultant and the force in question, and these are in equili- 
brium, and therefore dre equal and opposite. The value of the 
resultant can hence be immediately deduced in certain simple 
cases. For example : If two equal forces act at an angle of 
i20°, the resultant is equal to either of the components. 

Let OA, OB, and OC represent three equal forces acting 
upon 0. Let the angles AOB, BOG be each 120°, then will 
AOC also be 120^ These three forces will be in equilibrium : 

B 2 
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for there can be no reason why motion ahould take place in 

one direction more than in another. Hence, either one of the 

forces, for instance OC, is equal and 

opposite to the resultant of the other 

two, OA and OB. Therefore, OD, a 

force equal and opposite to OG, is the 

resultant of OA and OK 

In a shnilar manner it may be 
shewn, that if four equal forces lying 
in a plane act upon a point in such a 
way that the angle between the first 
and second, that between the second 
and third, and that between the third 
and fourth, are each equal to 72°, the ^ 

resultant shall be equal to either of the components. 

1 1. Prinoiflb II. When forces are in equilibrium, the equi-- 
librium will not be disturbed by the introduction or removal of 
any number offerees that are themselves also in equilibrium. 

Forces in equilibrium can neither produce nor change mo- 
tion; and, consequently, the introduction of such a set of 
forces will not cause motion; nor, on the other hand, can 
motion ensue from the removal of such a set of forces : fur if 
it could, that motion must h'are been checked by their pre- 
sence, or forces in equilibrium would have destroyed motion, 
which they cannot do. 

12. Transmissibility of force. — A force acting upon a rigid 
body at rest may be supposed to act at any point within the 
body in the line of its direction. Thus, if a force of any 
magnitude P act upon a rigid body at A, and along the line 
AB in the direction of the arrow, we may suppose P to be 
applied at any other point A' in the line AB within the body. 
For at A' and B introduce two equal and opposite forces of the 
same magnitude as P. At A and B wq have two equal and 



A' 



B 



opposite forces. These forces are (Principle I.) in equilibrium, 
and may therefore (Principle II.) be removed. There will then 
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remain only a force P at A' of the same magnitude as the 
original force, and acting in the same direction. 

Also, if a force act at any given point of a perfectly flexible 
cord, it may be supposed to act at any other point in the cord 
taken on that side of the given point away from which the 
force pulls. Thus, if a weight of i lb. hang from any part of 
a flexible cord, the same eflbrt is necessary to sustain it at 
whatever point above the weight the hand be applied. The 
same, also, would be the case, if the cord bearing the weight 
were passed over a perfectly smooth peg before it were held by 
the hand. That it is not so in an actual experiment arises 
from the absence of perfect rigidity in the cord, and of perfect 
smoothness in the peg. 

13. Greatest and least values of resultant — If two con* 
current forces act along the same line, or along parallel lines, 
the resultant is their sum; and if two non-concurrent forces 
act in the same line, or along parallel lines, the resultant is 
their diflerence. These are respectively the greatest and least 
values of the resultant of two forces. 

When the two forces are converging, the resultant will have 
some value intermediate between these extremes. It will pre- 
sently be seen that, as we should expect beforehand, the smaller 
the angle between the components, the more nearly will the re- 
sultant approach to the -greatest possible value, and the laiger 
the angle between the components, the more nearly will it ap- 
proach the least possible value. The exact value of the result* 
ant of two converging forces is found by aid of the principle 
commonly termed the parallelogram of forces. 

14. Prinoiplb IIL (Parallelogram of forces.) — If two conr 
current forces acting upon a point are represented in magnitude 
and direction hy the two sides of a parallelogram^ then will their 
resultant also he represented in magnitude and direction hy the 
diagonal drawn through the given point, and the resultant will be 
concurrent with the components. 

This proposition may be proved experimentally in the follow- 
ing manner. Let two cords, bearing the weights P and Q, pass 
over the fixed pulleys K and L, and be connected together at 0. 
Let 0, for convenience' sake, be temporarily fastened by a pin. 
Along OK mark off OA, i*epresenting the weight P on any 
scale ; that is, take as many divisions of the scale as there are 
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pounds or ounces iu P. Along OL mark off OB, representing 
Q on the same scale. Complete the parallelogram AOBC, and 
draw the diagonal GO. Let a third k^ 
string be attached to 0, and pass in the 
direction of CO produced over a pulley 
M, and a weight R be attached to it of f^ 
the magnitude represented by the line^ 
CO. Then, if the pin be removed and 
set at liberty, it will be always found 
that remains at rest; that is, the 
forces P, Q, and B^ acting upon it are 
in equilibrium. But i{ three forces be in equilibrium, auy oue 
must be equal and opposite to the resultant of the other two. 
Consequently, R must be equal and opposite to the resultant 
of P and Q. Hence the diagonal CO represents the magnitude 
and direction of the resultant of the forces P and Q, repre- 
sented respectively by the sides AO and BO. 

15. Resultant of two converging forces determined 
graphically. — By aid of the parallelogram of forces, the resul- 
tant of two given converging forces can in all cases be easily 
determined graphically. Produce the lines along which the 
forces act until they meet. From the point of intersection 
measure off distances along the two lines, such as shall repre- 
sent on any scale the magnitudes of the two forces, taking care 
to measure these in the direction in which forces point when 
acting concurrently. Then complete the parallelogram of 
which these lines form two adjacent sides, and draw the diago« 
nal through the above-mentioned point of intersection. Thus 
for example, let the two forces 
act in the lines OA and OB, 
intersecting in 0. Let the 
one force act pointing from 
to A, and the other pointing 
from to B. Mark off the 
distances OC and OD repre- 
senting the magnitudes of the 
two forces on any scale. Com- ,,, , 

plete the parallelogram OCED. F/-— H 

Then the diagoned OE repre-/ 

seuts the resultant upon the same scale. If the force in OB 

had pointed from B towards 0, then the sides of the parallelo- 
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gram OCED would not haye represented the forces in the way 
required by the parallelogram of forces. In this case we must 
have measured off the length which represents the force along 
BO produced, and completing the parallelogram OFHC, the re- 
sultant would be represented by the line OH. 

16. Besnltant of two converging forces determined arith- 
metioally. — The numerical value of the resultant of two given 
converging forces can, it has been seen, be found whenever the 
length of the diagonal of a parallelogram can be found. This 
in general requires a knowledge of trigonometry. There are, 
however, certain simple cases, for which a knowledge of the 
First Book of Euclid is sufficient. These are, when the angle 
between the two forces is one of the following angles, 90°, 
30"*, 150"*, 60**, 120®, 45**, or 135°. The following examples 
will shew the method to be pursued. 

Ex. 1. To find the resultant when forces of 48 and 36 Jbs. 
act upon a point at right angles to each other. 

Let OA and OB represent the two forces on any scale, then, 
completing the rectangle, 00 will repre- g^ 
sent the resultant on the same scale. 
But OC is the hypotenuse of a right- 
angled triangle whose sides are 48 and 
3J5 ; /. Euclid, B. i Prop. 47, 

OC' = 36»+48» 
.'. 00 =^(1296+ 2304) = 60. 

Ex. 2. To find the resultant when forces of 32 and 10 lbs. 
act upon a point at an angle of 60". 

Let OA = 32 and OB = lo ; com- 
plete the parallelogram OBOA, and 
00 will represent the resultant. 

Draw OD at right angles to OA 
produced. Then, since the angle 
BOA is 60*", the angle OAD is also 
6o^ and the triangle OAD is half ^ 
an equilateral triangle. Hence AD = ^ AO. But AO - OB =10. 

/. AD = 5. Also CD' = AC» - AD« = 100 - 25 = 75. 

But OC' = OD«+CD» 

= 37'+ 75 =1444 
.-. 00 = 38. 

Ex. 3. To find the resultant when forces of 20 and 12 lbs. 

act upon a point at an angle of 30^ 
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la the preceding figure, let 0A= 3o, 0B= 12, and the angle 
B0Ae=3o°. Then OC vill represent the resultant. In the 
triangle ADC, the angle CAD being equal to BOA is 30^, and 
therefore the triangle is half an equilateral triangle, and there- 
fore CD=iA0 = 6. 
And AD=^(AC«-CD«) 

=rv^(i44- 36) =10-392. 
Bat 00»=OD»+CD* 

= (3o-392)*+36 

= 959'673<564 
OC = 30978. 
Ex. 4. To find the resultant when forces of 42 and 10 lbs. 
aet upon a point at an angle of 45^ 

As before, let OA and OB represent the two forces. Then 
the angle CAD = 45", and /. AD = CD. 

CD»=iAC»=5o 
And AD = CD = 7 -07 1. 

Therefore OC* = (49-07 if + 50 

= 2457*963041 

OC = 49577.* 
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EXAMPLES. 

1. Find the resultant when forces of 60 and 144 lbs. act 
upon a point at right angles to each other. Ans. 156 lbs. 

2. Find the resultant when forces of 18 and 80 lbs. act upon 
a point at right angles to each other. Ans. 82 lbs. 

3. Two forces each of 100 lbs. act upon a point at an angle 
of 60% find the resultant. Ans. 173*2 lbs. 

4. Forces of 36 and 60 lbs. respectively act upon a point at 
an angle of 60°, find the resultant Ans. 84 lbs. 

5. Two forces each of 10 lbs. act upon a point at an angle of 
45^, find their resultant Ans. 18*477 lbs. 

6. Two forces each of 30 lbs. act upon a point at an angle of 
30°, find their resultant Ans. 57*955 lbs. 

7. Two forces each of zoo lbs. act upon a point at an angle 
of 150°, find their resultant Ans. 51*7638 lbs. 

8. Forces of 60 and 160 lbs. respectively act upon a point at 
an angle of 120°, find their resultant Ans. 140 lbs. 

* Ezamples 2, 3, and 4 may be solved more readily by aid of Euclid it 
12, which giyes 

0C«— 0A»+AC«+2.0A.AD. 
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9. The resultant of two forces of 214 and 143 lbs. respectirely 
is 145 lbs.y shew that the angle between the forces is 90^ 

10. The resultant of two forces of 35 and 165 lb& respeo- 
tively is 185 lbs., shew that the angle between the forces is 6o^ 

11. Two forces of 70 and 400 lbs. are kept in equilibrium by 
a force of 370 lbs., shew that the angle between the forces is 
lao**. 

17. EeiolQtio& of forees. — Since the components may be 
substituted for their resultant, their effects being equivalent, 
it follows, from the parallelogram of forces, that for any force 
we may substitute two others, whose magnitude and direction 
are represented by the sides of any parallelogram, of which the 
line representing the given force fbrms the diagonal And since 
an infinite number of parallelograms can be drawn, having a 
given line for their diagonal, any force can be resolved into two 
others, in an infinite number of ways. 

Thus, if OE (fig. Art 15) represent any force in magnitude 
and direction, and it be required to resolve it into two forces 
acting along the lines OA and OB, through E draw EC parallel 
to OB, and ED parallel to OA, then 00 and OD will represent 
the two components required. It will be seen, that in a similar 
way a force can always be resolved into two others acting along 
any two lines drawn through any point in its own direction. 

The following are examples of the resolution of forces 
arithmetically : 

Ex, 1. A force of aoo lbs. is resolved into two others acting 
at right angles, one of the components is 56 lbs., required the 
other component 

Let OC (fig. Art. 16, Ex. 1) represent the given force, and 
OB the given component, then OA is the required component 
But OA«=OC»-AC» 

= (aoo)»-(56)« 
= 40000 - 3136 = 36864 
.*. OA = 192. 

Ex. 2. A force of 100 lbs. is resolved into two others at right 
angles, one of the components is inclined to the given force at 
an angle of 30^, find the component& 

Let 00 in the same figure be the given force, and let the 
angle OOA be 30°, then OA and OB are the required com-^ 
ponents. 

Since OOA is 30^ and GAO is a right angle, the triangle 
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OAO is half an equilateral triangle, and AC = ^OC. But 0B= 
AC. Therefore, 

And OA=V(OC*-AC)aiv/75oo 

= 86-6. 
Ex, 3. A force of 76 lbs. is resolved into two others acting 
at an angle of 60°, one of the comjlpnents is ao lbs., required 
the other component. '^Itf'^' 

Let OC (fig.. Art. 16, Ex. 2) reprint the given force, and 
OB the given component. Let the angle BOA = 60^; then OA 
will represent the required component To find OA, draw CD 
at right angles to OA produced Then, since the angle CAD 
is 60'', the triangle CAD is half an equilateral triangle, and 
AD = i AC. But AC = OB = 20 /. AD = 10, a?id 

CD* = AC*~AD« ,:i 

= (20)' -(10)' =5300. ^ 
Also, OD' = AC»-CD» ^ 

= (76)' -300 = 647^ 
OD = 74 
But OA = OD - AD 

= 74—10 = 64. 

EXAMPLES. 

1. If a force of 100 lbs. be resolved into two equal forces at 
right angles, what is the magnitude of either component ? 

Ans, 7071 lbs. 

2. If a force of 100 lbs. be resolved into two equal forces 
acting at an angle of 60% what is the magnitude of either 
component) Ans. 57735 lbs. 

3. If a force of 100 lbs. be resolved into two equal forces 
acting at an angle of 30°, what is the magnitude of either 
component? . Ans. 51 76 lbs. 

4. If a force of 100 lbs. be resolved into two equal forces 
acting at an angle of 135°, what is the magnitude of either 
component! 'Ans. 130*659 lbs. 

5. The resultant of two forces at right angles is 145 lbs., one 
of the components is 24 lbs., find the other component ? 

Ans. 143 lbs. 

6. The resultant of two forces acting at an angle of 60'' is 
42 lbs., one of the components is 18 lbs., find the other com- 
ponent. Ans. 30 lbs. 
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' 7. The resultant of two forces acting at an angle of 120** is 
84 lbs., one of the components is 36 lbs., find the other com- 
ponent Ans. 96 lbs. 

8. The resultant of two forces acting At an angle of 30° is 
70 lbs., one of the components is 20 1m., ^d the other com- 
ponent Ans. 51*96 lbs. 

9. The resultant of two forces acting at an angle of 150° is 
70 lbs., one of the components is 20 lbs., find the other com- 
ponent. Ans. 86*6 lbs. 

10. The resultant of two forces acting at right angles is 
20 lbs., and makes an angle of 30* with one of the components, 
find the two components. Ans. 10 and 17*32 lbs. 

18. Composition of ffuree or more forces. — If three forces 
act upon a point, and their resultant be required, find the 
resultant of any two of them; the composition of this re- 
sultant with the third force will give the vesultant of the 
three given forces. 

Thus, let OA, OB, OC be 
tlie three forcea First, 
complete the parallelogram 
OADB, then OD wiU re- 
present the resultant of the 
two forces OA and OB. 
Secondly, complete the par- 
allelogram ODEC, then OE 
will represent the resultant 
of OD and OC ; that is to 
3ay, the resultant of the three 
forces OA, OB, and OC. "o 

By proceeding in a similar way, the resultant of any number 
of forces acting upon a point may be determined graphically. 

19. Pmnciplb IV. (Triangle of forces.)— i/" three forces 
acting upon a point be in equilibrium, and if any triangle be 
drawn whose sides are severally parallel or severally perpen-^ 
dicular to their directions, the forces will be to one another as the 
sides of the triangle : and conversely , if the three forces be as 
the sides of the triangle, they will be in equilibrium. 

In the experiments described in Art. 14, it was found that if 
three forces, P, Q, and R, acting upon the point in the direc- 
tions OK, OL, and OM, are in equilibrium, they are represented 
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in magnitude by the lines OA, OB, and 00 respectively ; and 
also conversely, that if their magnitudes be as these lines, they 
ai'e in eqailibrium. 

Bat AO is equal to OB, the forces are therefore represented 
iu magnitude by the lines OA, AO, and 00 ; that is to say, by 
the sides of the triangle OAO, each force being represented by 
that side which is parallel to its direction. 

If a triangle be drawn anywhere else with one of its sides 
equal to AO, and its sides severally parallel or severally per- 
pendicular to the sides of the triangle OAO, this triangle will 
be equal in all respe.ts to OAO, and hence the sides of this 
triangle will represent the magnitude of the three forces. But 
the length of AO waj quite arbitrary, depending upon the scale 
chosen for representing the forces; and therefore if any tri- 
angle whatever be drawn as described, its sides will represent 
the magnitudes of the three forces upon the same scale, each 
force being repoesented by that side which is either parallel or 
perpendicular to its direction. 

The "triangle of forces" is but the "parallelogram of forces" 
in another form, and is generally the more convenient form for 
the solution of problems in which three forces acting in known 
directions are in equilibrium, and the magnitude of one of 
them being given, the magnitude of the others is required. The 
following are examples in illustration : 

Ex, 1. A weight of loo lbs. is sustained by two cords, whose 
lengths are severally 21 and 28 inches, fiutened to two points 
lying in the same horizontal line, required the tensions iu the 
cords when the cords are at right angles. 

Let OA and OB be the two cords, ^ 
the line AB being horizontal, and^ 
the angle AOB a right angle. Let 
W be the weight of 100 lbs. The 
point is at rest under the action 
of three forces; viz., W acting 
vertically, and the tensions in OA 
and OB. In the triangle AOB 

AB is perpendicular to W, 
BO ,y the tension iu OA,;^ 

OA „ the tension in OB, 

therefore, the three forces are represented on the 
the sides of this triangla Hence 

tension in OA : 100 : : BO : A] 




le scale by 
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Bat BC=a8, AC==2iy and the angle ACB is a right angle, 
therefore AB* = (21)'+ (28)* ; whence AB = 35. 

tension in CA : 100 : : aS : 35, 

tension in CA = 80 lbs. 
Similarly, 

tension in CB : 100 : : CA : AB 

: : 21 : SS 

tension in CB = 60 lb& 

Ex. 2. A cord having equal weights attached to its extre- 
mities pass^ over pulleys placed at A and B in the same 
horiiontal line^ 70 inches apart, and through a smooth ring C, 
from which a weight of 100 lbs. is attached ; what must be the 
magnitude of the equal weights, that C may rest exactly 12 
inches below the line AB t 

Let W be the weight of a D fc 

too lbs. Let the vertical line 
through C meet the line AB 
in D ; then, since there is 
no reason why C should be 
nearer to A than to B, AB 
will be bisected in D. Through 
D draw D£ parallel to BQ 
then AC is bisected in K 
In the triangle CDE 

DC is parallel to W, 

CE „ tension in CA, 

ED „ tension in CB ; 

therefore, 

tension in CA : W : : CE : CD. 
But by hypothesis CD =12. Also CE^^AC, and AC = 
^/(AD»+CD«)= V(i225+ i44) = 37. 
Hence 

tension in CA : 100 : : 184 : 12 ; 
• tension in CA= 1 54|^lb& 
But (Art 12) the tension in the cord is equal to the weight 
hanging from its extremity, and therefore the required weight 
is i54jlba 

Ex, 3. A ball weighing 20 lbs. slides along a perfectly smooth 

rod inclined at an angle of 30° with the vertical line, what 

force applied in the direction of the rod will sustain the ball, 

and what is the pressure upon the rod t 

Let A be the ball, sustained on the rod by the force P. 
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Then the ball is at rest under the action of three forces; 
namely, its weight acting rertieajly downwards, the resistance 
of the rod acting at right angles to the 
rod, and P acting along the rod. 

In the vertical line through A take 
any point B, and draw BC perpendicular 
to the rod. Then in the triangle ABC 

AB is parallel to W, 

BC „ R, 

CA „ P; 

therefore, P is represented by CA, and 
R by BCy on the same scale that AB 
represents W or 20. But if AB=ao, 
then, because the angle BAC is 30°, 
BC=:iAB=io, and CA = ^300= 17-32. 

P= 17*33 and R= 10. 




Hence, 



EXAMPLES. 

1. If a weight of 40 lbs. slide along a perfectly smooth rod, 
inclined at an angle of 60° with the vertical line, what force is 
necessary to sustain the weight, and what is the pressure on 
the rod 1 Ads. 20 and 34*64 lbs. 

2. In the previous question, if the rod were inclined at an 
angle of 45^ shew that the force necessary to sustain the 
weight and the pressure on the rod will each be 28*284 lbs. 

3. A smooth ring sustaining a weight of 50 lbs. slides along 
a cord fastened at two points^ lying in the same horizontal line, 
find the tension in the cord when the two parts of the cord are 
at right angles to each other. Ans. 35*35 lbs. 

4. In the previous question, what will be the tension in the 
cord when the two parts of the cord form an angle of 60° f 

Ans. 28'9lbs.*nearly. 

5. One extremity of two cords, whose lengths are severally 
14 and 48 inches, is fastened at points in the same horizontal 
line; the other extremity is festened to a weight of 100 lbs., 
and the cords are at right angles, find the tensions in the cords. 

Ans. 96 lb& in the shorter cord, and 28 in the longer. 

6. Find the horizontal and vertical pressures, when a force 
of 100 lbs. acts in a direction making an angle of 60^ with the 
vertical line. Ans, 86*6 and 50 lbs. 
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7. Find the horizontal and yertical pressures, when a force 
of 60 lbs. acts in a direction making an angle of 45"" with the 
vertical line. Ans. each equals 42*426 lbs. 

8. Find the horizont'al and yertical pressures, when a force 
of 80 lbs. acts in a direction making an angle of 30"" with the 
vertical line. ' Ans. 40 and 69*28 lbs. 



20. Moment of a force about a point — The product of a 
force, and the perpendicular distance of its direction from any 
given point, is termed the moment of the force about that 
point. For instance, if a force exert a pressure of 20 lbs., and 
the perpendicular drawn to its direction from any point be 
6 inches, the moment of the force about that point is 20 x 6, 
or<z2o. The moment of a force about a point measures the 
effect of the force in turning the body round that point, so 
that if the moments of two forces about any point be equal, 
they will each exert the same effort in turning the body around 
the point. 

As the resultant of any number of forces acting upon a rigid 
body produces the same effect as the components, it follows, 
from what has been just stated, that (Principle Y.) the moment 
of the resultant about any point is equal to the sum of the mo- 
ments of the components about that point 

In the application of this principle, attention must be given 
- to the direction in which each force tends to produce rotation. 
When all the forces are supposed to act in the same plane, it 
is only possible that the body can rotate in one or other of two 
directions, and these may therefore be distinguished as positive 
and negative. It is common to take the direction in which 
the hands of a watch rotate as the negative direction, and the 
contrary as the positive direction. 

The moment of a force about any point in its own direction 
is of course zero, and hence the sum of the moment of any 
number of forces about a point in the direction of their resultanf 
is zero. When the components are only two in number, in 
order that the sum of their moments may be zero, these 
moments must be of contrary sign and of equal value, and hence 
the moments of two forces about any point in the direction of 
their resultant are equal: and conversely, if the moments of two 
forces about any point in their plane be equal and of contrary 
sign, that point will lie in the direction of their resultant. 
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This may be deduced from the parallelogram of forces in the 
following way.* 

Let P and Q be two forces acting respectively in the lines 
AO and BO, and let CO be the direc- 
tion of their resultant In CO take 
any point D, and from D draw the 
perpendiculars DG and DH. Let 
DG=jt>, andDH = 5. 

Then shall ?p = Qg. 

For draw D£ parallel to OB, and 
DF parallel to OA. Then, since the 
resultant of P and Q passes along 
the diagonal OD, the sides of the 
parallelogram OEDF will represent 
the forces. Therefore 0£=P^ and 
OF = Q. The triangles OED, OFD 
are equal But the triangle OED = | OE x p,f and the triangle 

OFD = iOFx2. 

/. iOExp = iO¥xq. 
OExp=: OFxgr. 

Conversely. If Vp^Qq^ the resultant of P and Q passes 
through D. For OE x p = OF x gr, 

And Vp = Q J, 

OE OF 

P "^ Q 
OE:OF::P:Q; 
that is, if OE represent P on any scale, OF will represent Q on 
the same scale; and, consequently^ by the parallelogram of 
forces, their resultant will pass along the diagonal OD. 




21. If a body turn about a fixed point or pivot, it is clear 
that no force, whose direction passes through the fixed point, 
will cause any motion Consequently, if two or more forces 
^itst upon such a body, and their resultant pass through the 
fixed point, no motion will be caused. But, by Principle Y., 
the resultant will pass through the fixed point if the sum of 
the moments of the forces about that point is zero. This, 
therefore, is the only condition of equilibrium in such a case. 

* The student may omit this on a first reading. 

t The area of any triangle equals half the product of the base and height. 
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Ex, Forces of 20^ 12, and 10 lbs. act upon a rigid body at 
distances of 14, 15, and 16 inches respectively from a certain 
fixed point in the body ; the first and second tend to produce 
revolution in the positive direction; and the third in the 
negative direction; at what distance must a force of 15 lbs. 
act, in order that the body may remain at rest ? 

Let X be the required distance. Then, by Principle V., 
150;+ 20 X 14+ 12 X 15 — 10 X 16 = 0, 

x= — 20; 
that is, the force must act at a distance of 20 inches, and must 
tend to produce rotation in the negative -direction. 

EXAMPLES. 

1. Two forces, P and Q, act upon a body which moves about 
a fixed point, at distances of 8 and 10 inches respectively, what 
must Q be, if P is 50 lbs. when there is equilibrium 1 

Ans. 40 lbs. 

2. A force of 80 lbs. acts at a distance of 12 inches from a 
fixed point, at what distance must a force of 60 lbs. act, in 
order that there may be equilibrium! Ans. 16 in. 

3. Forces of 18 and 26 lbs. respectively, acting at right 
angles to the arms of a bent bar moving about the vertex, are 
in equilibrium, the shorter arm is 9 in., what is the length of 
the longer arm? Ans. 13 in. 

4. Forces of 63 and 35 lbs. acting at the extremities of a 
straight bar, at angles of 45° with the bar, are in equilibrium, 
the bar moves about a pivot placed 5 in. from one extremity, 
what is the length of the bar? Ans. 14 in. 

5. A straight bar, 13 inches in length, moves about a point 
placed 3 inches from one extremity, a force of 30 lbs. acts at 
the end of the longer arm, but inclined to it at an angle of 45°, 
what force acting at the shorter arm, at an angle of 30°, will 
preserve equilibrium ? Ans. 141*42 lbs. 

6. A circular plate, whose radius is 20 inches, is moveable 
about its centre C in a vertical plane ; from two points A and 
B in the circumference, 90° apart, weights of 18 and 24 lbs. 
respectively are suspended by cords, find the distance of the 
lighter weight above or below the horizontal line through C 
when the plate is at rest. Ans. 12 in. 

22. Composition and resolution of parallel forces. — The 
resultant of two concurrent parallel forces is, it has already 








a 
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been stated^ their sum; and of two non-conconrent parallel 
forces, their difference. It hence follows that the resultant of 
any number of concurrent parallel forces is their sum also; 
and that the resultant of any number of parallel forces, some 
of which act in one direction, and others in the contrary 
direction, may be found by taking the sum of those which act 
in the one direction, and subtracting the sum of those which 
act in the other direction. 

Having in this way found the magnitude of the resultant^ 
its position may be determined by means of the principle that 
the moment of the resultant about any point is equal to the 
sum of the moments of the components. 

Thus, if E, Pp and Pg, be any three parallel acting at the 
points G, A, and B in the straight 
line CO drawn at right angles to 
their directions : — 5 A^ 

Then the magnitude of the re- 
sultant is 

and if G be the point in which 
the resultant meets the line CO, v Pi 

the position of G may be found by taking the moments about 
any point whatever in the line CO, say the point 0. Then 
(R + Pj - P,) X GO = R X CO + Pi X AO - P, X BO ; 

QQ_ RxCO-i-PixAO-P,xBO 

R + Pi-Ps 

N.B. — It will generally be found to be most convenient to 

take the moments about a point in one of the forces (in the 

preceding figure either C or B), in which case the moment of 

this force will be zero. Thus, to find the distance of G from B, 

(R+Pi-P,)xGB = RxCB+PixAB; 

^B RxCB+PjxAB 

^^=— RTPT-^— 
Ex. Weights of 6, 8, and lolbs. respectively are suspended 
from the points A, B, and C, in the same horizontal line, re- 
quired the distance of the resultant from A, AB and BC being 
each 12 inches. 

The magnitude of the resultant is 6+8+ io-=a4; and if x 
be the required distance, 

2140; =6 xo+8xi2+ioxa4 

= 336; 
«= 14- 
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' 23. The resultant of two concurrent parallel forces passes 
between them, for (Art 20) the moments of two components 
about any point in their resultant are equal and of contrary 
sign, and this can only be when the point lies between them ; 
and for a similar reason the resultant of two non-concurrent 
parallel forces passes outside the greater. 

The preceding results, respecting the magnitude and position 
of the resultant of two parallel forces, may be deduced from 
the parallelogram of forces in the following way.* 

Let P and Q be any two concurrent parallel forces repre- 
sented by the lines GA and HB. Draw any line AB at right 
angles to their directions. At A and B introduce two equal 
and opposite forces (Principle II.) 
represented .by lA and KR The re- 
sultant of lA and GA is DA, and the 
resultant of KB and HB is EB. Ee- ' 
move the points of application of these 
two resultants from A and B to C. 
Eesolve these into their original com- 
ponents, and we shall have acting along 
LM two equal and opposite forces, cor- 
responding to I A and KB, which, being in equilibrium, may be 
removed, and two forces equal respectively to P and Q acting 
along CO. The resultant, therefore, of P and Q is a force of 
the magnitude P-f Q acting along CO. 

The parallelograms GO and AL are equal, being complements 
of the parallelograms about the diagonal DC. Similarly, the 
parallelograms HO and BM ire equal But the parallelograms 
AL and BM are equal, being upon equal bases and between the 
same parallels ; therefore, the parallelograms GO and HO are 
equal But GO is a rectangle, and therefore equals GA x AO ; 
and similarly HO = HB x BO. Hence, 

GAxAO = HBxBO; 
that is, P X AO = Q X BO, 

or the moments of the components about a point in the 
resultant are equal. 

In the preceding, let R stand for the resultant of P and Q. 
Then, if E act at 0, and if P and Q act at A and B in a con- 
trary direction to that represented in the figure, P, Q, and R 
wiU be in equilibrium. But when three forces are in equili- 




* This may be omitted on a finit reading. 

2 
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brium, any one is equal and opposite to the resultant of the 
other two. Consequently, GA, a force concurrent with R, will 
represent the resultant of the two non- concurrent forces R 
and Q. But P equals QA, therefore the resultant of E and Q 
equals P ; but R equals P + Q, therefore P equals R - Q, or the 
resultant of the two non-concurrent forces R and Q is equal to 
their difference. As already shewn, P x AO = Q x £0 ; add to 
both Q X AO, then 

Px AO+QxAO = QxBO+Qx AO 
(P4-Q)A0 = Q(B0+A0) 
Rx AO = QxAB, 
or the moments of the components about a point A in their 
resultant are equal. 

24. Two parallel forces, P and Q, act at a distance a from 
each other, to find the distance of the resultant from either force. 

Let R be the resultant, and x its distance from any point in 
P j then, taking the moments about this point, therefore 

Ra; = Qa 
_Qa 

^~"R' 
or the distance of the resultant from one of the components 
equals the distance between the components multiplied by the 
other component and divided by the resultant. 

25. To resolve a force into two parallel forces acting at given 
points. 

Let R be the given force acting at the point C, and let A 
and B be the given points. Let P and Q be the required forces 
acting at A and B respectively. Then, taking the moments 

about B, V ^rn ' 

RxCB=PxAB /. P=ciL^. 

AB 

Similarly, taking the moments about A, 

Rx CA = Q X BA /. Q = --!?-. 

BA 

Hence, to find either component, multiply the given force by 
the distance of the other component, and divide by the distance 
between the two components. 

When A and B are on opposite sides of C, P and Q are both 
concurrent with R ; but when A and B are on the same side of 
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C, that force only which is the nearer to R will be ooncurrent 
with it» the other will be non-concurrent 

Ex. A weight of looo lbs. 
is placed upon the triangulai 
table ABC at 0, to find the 
pressures upon the three 
legs, when a is 30 inches, b 
10 inches, /» 13 inches, and A 
q 12 inche& 

Resolving 1000 lbs. at 
into pressures at G and D, 
we obtain 

pressure at = 




1000 X 10 



40 



= 250, 



pressure at D = £5?^2L3? = 750. 

40 

Similarly, resolving the pressure at D into pressures at A and B 

pressure at B = ^^^ ^ ^^ = 390, 

pressure at A = '^^^ ^^ = q6o^ 

^5 



EXAMPLES. 

1. Find the position of the resultant of two concurrent 
parallel forces whose magnitudes are 245 and 125 lbs. respec- 
tively, acting at poiQts 74 inches apart 

Ans. 25 in. from the larger force. 

2. Two non-concurrent parallel forces, whose magnitudes are 
340 and 120 lbs. respectively, act at points 44 inches apart; 
£nd the position of the resultant 

Ans. 24 in. from the larger force. 

3. The larger of two concurrent parallel forces is a pressure 
of 28 lbs., the resultant is equal to 40 lbs. acting at a distance 
of 18 inches from the larger component ; what is the distance 
between the components ? Ans. 60 in. 

4. The larger of two non-concurrent parallel foi'ces is 70, the 
resultant is 49, acting at a distance 15 from the larger com- 
ponent ; what is the distance between the components 1 

Ans. 35. 

5. The smaller of two non-concurrent parallel forces is 15, 



22 DEFINITIONS AND PRINCIPLE& 

the resultant is 45, acting at a distance 56 from the smaller 
component ; what is the distance between the components f 

Ana 42. 

6. Resolve a force of 700 lbs. into two concurrent parallel 
forces-acting at distances from it of 17 and 3. 

Ans. 595 and 105 lbs. 

7. Resolve a force of 1,000 lbs. into two non- concurrent 
parallel forces acting nt distances from it of 4 and 24. 

Ans. 1,200 and 200 lbs. 

8. A weight of 648 lbs. is placed upon the triangular table 
ABC {fig, art 26) at ; what are the pressures on the legs, 
when a = 27 inches, h=g,p= 10, and ^=171 

Ans. pressure on A = 306 ; pressure on B = 180 ; pressure on 
C= 162 lbs. 

9. A beam AB, 10 feet in length, rests horizontally upon 
two vertical props, A and B, and another beam, CD, 20 feet in 
length, rests upon two vertical props, C and D ; a third beam, 
30 feet in length, lies across the two former beams in such a 
way that the one extremity E is 3 feet from the prop A, and 
the other extremity F is 5 feet from the prop D ; a weight of 
60 lbs. is attached to the third beam at a distance of 10 feet 
from F : shew that the pressures upon A, B, C, D are 14, 6, 
10, and 30 lbs. respectively. 

10. A weight resting upon a horizontal table exerts an equal 
pressure upon each of the three legs; determine the position 
of the weight, 

11. If P and Q be concurrent parallel forces acting at dis- 
tances of 8 in. and 20 in. respectively from a point lying without 
them, what is the distance of the resultant from the same 
point when P = 20 and Q = 30 ? Ans. 15*2 in. 

12. If P, Q, and R be concurrent parallel forces, acting at 
distances of 6 in., 8 in., and 10 in. respectively from a point lying 
without them, what is the distance of the resultant from the 
same point when P = 12, Q = 10, and R= 18 1 Ans. 8*3 in. 
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CHAPTER IL 

ON THE OENTRB OF GRAVITY. 

26, Centre of parallel forces. — If any number of parallel 
forces act at given points in a rigid body, it can be shewn 
that there is a point through which the resultant will always 
pass, whatever the position in which the body may be placed. 
This point is termed the centre of the parallel forces. 

27. Gravity and weight — Gravity is the force with which 
every particle of matter is drawn towards the earth. The 
weight of a body is the total force with which that body 
is drawn towards the earth : it is therefore the same as the 
resultant of the forces which, in consequence of the existence 
of gravity, act upon its several particles. 

The force of gravity is not a constant force ; it is diminished 
by an increase in the distance from the earth, and it is 
increased by an increase in the latitude of the place of obser- 
vation. Hence also the weight of a body is not constant ; the 
same body weighs less on the top of a mountain than at its 
base; and, other things being equal, weighs more in London 
than in Jamaica. A body which at the equator and at the sea 
level weighs 294 lbs. will weigh at the same level in the lati- 
tude of London 295 lbs. Part of this increase is due to the 
fact that a point on the sea level at London is nearer to tl\e 
centre of the earth than a point on the sea level at the equator. 
A body weighing 500 lbs. at the equator will in London, and 
at the same distance from the centre of the earth, weigh rather 
more than 501 lbs. This variation in the weight of a body 
will not of course be manifest when a body is weighed by an 
ordinary pair of scales, since the weights will be as much 
affected as the body to be weighed. To detect it, some other 
means, ai for instance a spring balance, must be employed. 
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28. Density. — If two bodies of the same size be unequal 
in weight, that one which is the heavier is said to have the 
greater density. A body is said to have a uniform density if 
the weight of auy assignable portion whatever, say a cubic inch, 
is the same in all parts of the body. If equal portions have 
different weights in different parts of the body, the density is 
said to be variable. 

29. Centre of gravity, — The direction in which gravity acts 
at any point is called the vertical line through that point. 
This is nearly, though not strictly, the same as the line drawn 
from the point to the earth's centre, and hence it is commonly 
said that gravity acts towards the centre of the earth. The 
forces, therefore, which in consequence of gravity act on the 
several particles of any body are not, strictly speaking, parallel 
forces, but, when the body is of moderate dimensions, they are 
so nearly parallel that they may be regarded as such without 
any sensible error. The centre of these parallel forces is what 
is termed the centre of gravity. 

The centre of gravity of a body is, then, the point through 
which, in every position of the body, will pass the resultant of 
all the forces which, in consequence of gravity, act upon its 
particles. 

30. It follows, from the preceding definition, that if the 
centre of gravity of a body be fixed, the body will rest in any 
position. For in every position the resultant of all the forces 
arising from gravity passes through the fixed point, and being 
met by the resistance of that point, equilibrium is preserved. 
Hence, the centre of gravity of a body may be also defined aa 
that point about which the body will balance in every position. 

31. Since the resultant may be always substituted in place 
of its component foi*ces, it foUows that in considering the in- 
fluence of any weighty body in producing equilibrium, we may 
substitute a force equal to the weight of the body, and acting 
at its centre of gravity. 

32. If a body suspended from any point he at rest^ the centre 
of gravity must lie in the vertical line drawn through this point. 
For there are two forces in equilibrium ; viz., the weight of the 
body which acts vertically, and at the centre of gravity, and 
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the reaction of the fixed point. By PriiAiple I. these forces 
must lie in the mme straight line, and therefore the vertical line 
through the centre of gravity must pass through the fixed point 
Hence, if one point in Any iKxiy be fixed, there are two posi* 
tions, and two positions only, in which the body can rest, viz., 
when the centre of gravity is vertically over, or when it is ver- 
tically under the fixed point. 

33. Centre of gravity determined experimentally. — The 
principle established in the preceding article enables us to 
find the centre of gravity of any body by a very simple 
experiment. Take any point in the body, suspend it 
from this point, and when at rest draw the vertical or plumb- 
line through the point of suspen- 
sion. By the preceding article, the 
centre of gravity must lie in this 
line. Take a second point in the 
body, and proceed as before. We 
have then another line in which 
also the centre of gravity must lie. 
The intersection of these lines will 
be the centre of gravity required ; 
for it is the only point which lies 
in both lines. 

When the body is a thin plate 
this method may be readily applied, as the vertical lines may 
be drawn upon the plate itself. If the body be a solid mass 
this method is very inconvenient, as in order to draw the ver- 
tical lines it becomes necessary to pierce the substance of the 
body. If the body be hollow like a bowl, or of an irregular 
shape, like a chair, the inconvenience is somewhat less, as the 
vertical lines may sometimes be represented by means of wires 
or strings. 

34. The position of the centre of gravity of any body de- 
pends, it will be seen, upon its shape ; but not upon its shape 
only. Two bodies may have precisely the same shape, and also 
be of precisely the same size and weight, and yet their centres 
of gravity may not be in the same position. If both bodies 
are of uniform density, or if the density of each varies in the 
same way, in either case their centres of gravity will be in the 
same position. But if one be of uniform and the other of 
variable density, or if both being of variable density, the den- 
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sity of one yaries ifl a different way from the other, then their 
centres of gravity will not be in the same position. 

The position of the centre of gravity does not at all depend 
upon the absolute weight of the body. Two bodies may differ 
in weight, but if all their parts be similarly arranged, their 
centres of gravity will agree in position. Thus a bar of given 
length and of uniform density will balance about its middle 
point, whether made of wood or made of steel. 

Hence, when density is supposed to be uniform, the only 
point to be considered in the determination of the centre of 
gravity is its shape, and it is on this supposition that the centre 
of gravity of certain geometrical figures is spoken of By the 
centre of gravity of a triangle or a parallelogram is meant the 
centre of gravity of a thin plate of these forms respectively, 
and of uniform thickness and density, 

35. Centre of gravity determined graphically. —The 
geometrical centre of any perfectly symmetrical figure must 
also be the centre of gravity, for there can be no reason 
why the centre of gravity should fall upon one side of that 
point more than upon another. Hence, the centre of gravity 
oi a line is its point of bisection : of a parallelogracn, the in- 
tersection of its diagonals ; of a parallelopiped, the intersection 
of its diagonals ; of a circle and sphere, their centres. 

A triangle is a figure which has no geometrical centre ; its 
centre of gravity, however, may be found in the following way. 
Let ABC be the given triangle. Bisect AB in D, and AC in £. 
Draw CD, BE. If we suppose the ^ q 

triangle to be made up of an in- 
finite number of lines parallel to 
AB, these lines will be bisected by 
CD. Consequently, the centre of 
gravity of each of these lines will 
be in the line CD, and therefore the 
centre of gravity of the triangle will ^ ^ 

lie in the line CD. For sindlar reasons the centre of gravity 
must lie in the line BK Therefore g, the intersection of these 
two lines, must be the centre of gravity required.* 

• Also gDz^k CD. For, join the points D, £. DE will be parallel to 
BG, and equal to half BG. Hence, the triangle ^ED is equiangular with 
the triangle gBC, and the sides of tiie former are each half of the oorres- 
pQodiiig sides of the latter. Therefore pD =} ^C -» | CD. Henoe, the 
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The centre of gravity of any four-sided figure may be deter- 
mined by first drawing one of its diagonals, and joining the 
centres of gravity of the two triangles into which it is thus 
divided. As the centres of gravity of the two parts are in this 
line, the centre of gravity of the whole must be in this line. 
In like manner, by drawing the other diagonal, a second line 
may be found, in which also the centre of gravity must lie. 
The centre of gravity of the four-sided figure will be the 
intersection of these lines. 

Thus, let ABCD be the given figura Draw AC and BD. 
Let K, L, M, N be the centres of o/^— -^^ 

gravity of the triangles ACD, ACB, /x"""'**-^ 

BDA, BDC respectively. Draw KL 
and MN intersecting in G. G is 
the centre of gravity required. 

The centre of gravity of a five- 
sided figure may be found by divid- 
ing it into a triangle and a four- _ 
sided figure; and by joining the ^ 
centres of these two parts, one line is found in which the 
centre of gravity of the whole figure must lie Dividmg it 
similarly in another way, another such line may be found. The 
intersection of these two lines is the required centre of gravity. 

By proceeding in a similar way the centre of gi'avity of any 
rectilinear figure may be determined graphically. 

36. Centre of gravity determined by calculation. — ^When- 
ever the weights and centres of gravity of the parts are known, 
the centre of gravity of the whole may be easily found by 
applying the principle of moments. (Art 20.) 

The following examples will illustrate the method : 

Ex, 1. Two balls, weighing 8 and looz. respectively, are 
connected by a weightless rod, the centres of the balls being 
9 inches apart, find the distance of the centre of gravity from 
the centre of the heavier ball. 

Let X be the distance required. Then the entire weight is 

i8oz. Taking the moments about the centre of the heavier 

balL we have o o 

^ i8a?-8x9=7a, 

0?= 4 inches. 






centre of gravity of a triangle lies in the line joining any vertex with the 
bisection of the opposite side, at a distance from the side of one-third of 
this line. 
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Ex, 2. Two balls, weighing 12 and 7 oz. respectively, are 
connected by a rod of uniform thickness and density, weighing 
5 oz., the distance between the centres of the balls is 16 inches, 
required the distance of the centre of gravity from the heavier 
weight. 

Here we have three weights, whose magnitudes are respec- 

*^^^y xa. S, 7. " 

and the distances of their centres of gravity from the point of 

reference ^ o ,^ 

O, o, 10. 

Hence, if jt be the distance required, we have 

24^ = 40+ 112= 152, 

When the centres of gravity of the given weight do not lie 
in a straight line, the centre of gravity of the whole may be 
found by a mixed method, as in the following examples : 

Ex. 1. To find the centre of gravity of three equal weights 
suspended from the angular points of a triangular plate, the 
plate being supposed to be without weight. 

Let a weight P be suspended from each of the angular points 
A, B, C of the triangular plate 
ABO. Since these weights hang 
vertically, they may be regarded 
as parallel forces acting severally 
at the points of suspension. 
Bisect AB in D. Join DC. Let 
DG= J DC = J GC. The resul- 
tant of the force P at A, and the force P at B, will be a force 
2P acting at D. The resultant of 2P at D, and P at C, will pass 
through G ; for since DG = i GC, 

2PxDG = PxG€; 

G is therefore the centre of gravity required. 

By the preceding section, G is the centre of gravity of the 
triangle ABC, whence it appears that the centre of gravity of a 
triangle corresponds with that of three equal forces acting at its 
angular points. 

Ex, 2. To find the centre of gravity of four weights, P, 3P, 
7P, and 5P, suspended frvm the angular points of a square 
plate. 

Let ABCD be the square plate, and let the weights P, 3P, 
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7P, and 5P be suspended seyerally from the points A, B, C, D. 

Draw the diagonals, AC, BD. 

Take N so that CN = J AC, 

and M so that DM = f BD. 

Then AN = | AC, and BM = 

iBD. 

The resultant of P at A, and 
7P at C, is a force 8P at N, 
since 7P x CN = P x AN. And 
the resultant of 3P at B, and 
5P at D is also a force 8P at p A 
M ; since 5P x DM = 3P x BM. ^ 
We have then in the place of the original forces two equal 
forces acting at M and N. Bisect MN at G, then the resultant 
of these equal forces will pass through G, and G is the centre 
of gravity required. 




6P0 



37. Different kinds of equilibrinm. — A body at rest is said 
to be in unstable equilibrium, if after the slightest possible 
disturbance it moves away from its former position ; in stable 
equilibrium, if it returns to its former position ; and in neutral 
equilibrium if it does neither, but remains at rest in the new 
position into which it was brought by the disturbance 

When a body is suspended at any point, and the centre of 
gravity is vertically over the point of suspension, or as high as 
possible, the equilibrium is unstable. When the centre is ver- 
tically below the point of suspension, or as low as possible, the 
equilibrium is stable. If the point of suspension be the centre 
of gravity itself, the equilibrium is neutral. 

A cone resting on its vertex would be a case of unstable 
equilibrium ; when resting with its base on a horizontal plane, 
the equilibrium is stable; and when resting with its conical 
surface upon a horizontal plane, the equilibrium is neutral. 

Stability of equilibriuni is greater or less according as the 
angle is greater or less through which the body may be moved 
before it will cease to return to its original position. Thus, for 
instance, a book resting upright upon its edges is in stable 
equilibrium, because it may be slightly disturbed and yet wiU 
return to its position ; but it is more stable when resting on its 
side, because it may be disturbed to a greater degree before it 
will cease to retiuu to its original position of rest 
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38. A body placed with its base upon a plane surface will 
stand or fall, according as the vertical line through its centre of 
gravity falls within or without the base. 

Let ABCD be any body, whose base AB rests upon a plane 
surface. Let the centre of gravity be 
at g, so that the vertical line through 
g falls between A and B. The weight 
of the body acting in this line is met 
by the resistance of the plane, and, 
consequently, will not cause the body 
to turn about either A or B. A b 

But if the centre of gravity be at g^ so that the vertical 
line drawn through the centre of gravity falls without the base, 
the weight of the body, acting in this line, is not met by the 
re-action of the plane. There cannot, therefore, be equilibrium, 
but the body will turn over on to the side BC. 

If the centre of gravity be at g^, so that the vertical line 
drawn through it pass through one of the extremities of the 
base, the body will rest ; for the weight acting in the vertical 
line is met by the resistance of the plane : a very slight dis- 
turbance towards the right hand will, however, cause the body 
to fall over. 

39. Measure of stability. — If G be the centre of gravity 
of any body, and A an edge of the base, the body must be 
moved until GA becomes vertical ; that is, through the 
angle GAN, before it will have any tendency to turn over. 






1 2 3 

This angle, therefore, may be taken as the measure of the 
stability of the body. Hence, other things being equal, the 
lower the centre of gravity the greater the stability, as is seen 
in figs. 1 and 2. Also, other things being equal, the greater 
the base the greater the stability, as is seen in figs. 2 and 3. 



ON THB OENTRB OF OBAVITT. 31 

40. The statements of articles 38 and 39 apply equally, 
whether the plane upon which the body rests is horizontal or 
inclined, if only, in the case of the latter, the body be pre- 
vented by friction, or any other cause, from sliding down the 
plane. A body thus prevented from slipping will not, when 
placed upon an inclined plane, topple over, if the vertical line 
through the centre of gravity passes through the base, and will 
have no tendency to do so until the vertical line through the 
centre of gravity passes through the edge of the base. 

If either of the figures represented in the preceding article 
were placed with the base AB upon an inclined plane, it would 
not topple over until the line GA were vertical ; that is to say, 
it woiQd not turn over if the inclination of the plane be less 
than the angle 6AN. 



EXAMPLES. 

1. Three heavy particles, whose weights are 4, 6, and 8 
respectively, are placed at intervals of 9 inches each along a 
weightless rod, find the distance of the centre of gravity from 
the middle of the rod. Ans. 2 in. 

2. If a triangular plate ABC form an isosceles triangle, 
whose base is AB, and whose height is 12 inches, find the dis- 
tance of the centre of gravity firom C, when weights 10, 19, 
and 40 lbs. are suspended from A, B, and C respectively j the 
plate being supposed to be without weight Ans. 4 in. 

3. In the preceding example, if the plate weigh 20 lbs. what 
is the distance of the centre of gravity from C? Ans. 5 in. 

4 In example 2, if ABC be an equilateral triangle, whose 
side is 20 itiches, find the distance of the centre of gravity 
from C. Ans. 577. 

5. Find geometrically the centre of gravity of half a regular 
hexagon. 

6. Find geometrically the centre of gravity of half a regular 
octagon, 

7. Find geometrically the centre of gravity of the quadrila- 
teral figure formed by two isosceles triangles, standing upon a 
common base. 

8. A square plate, whose side is 18 inches, is divided by a 
diagonal into two portions, of uniform thickness and density, 
but of different weights, the one weighing 1 2 lbs. aud the other 
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38 lbs. ; what is the distance of the centre of gravity from the 
centre of the plate? Ans. 2*206 in. 

9. A bar of uniform thickness and density, and 4 feet in 
length, has a weight of 10 lbs. attached to one end : it balances 
about a point 9 inches from that end, what is the weight of the 
barf An& 6 lbs. 

10. A bar of uniform thickness and density, and weighing 
5 lbs., has a weight of 10 lbs. attached to one end, and a 
weight -of 12 lbs. fh)m the other; it balances about a point 4 
inches from the middle, what is the length of the bar ? 

Ans. 9 feet 



ON THE SIMPLE MACHINES. 33 



CHAPTER III. 

ON THE SIMPLE MACHINES. 

41. A machine is an instrument, by the agency of which one 
force can resist or overcome another force not immediately 
opposite to it in direction. 

The simplest of such instruments are sometimes denomi- 
nated the Mechanical Powers^ but are more fittingly termed 
the Simple Machines. These are — the lever, the wheel and 
axle, toothed wheels, the pulley, the inclined plane, the wedge, 
and the screw. These differ from each other more in their 
structure than in the principles of their operation ; for when 
in equilibrium, the wheel and axle, the toothed wheel, and the 
pulley may be reduced to the lever ; and the wedge and the 
screw are but modifications of the inclined plane. 

The two forces which act upon either of these simple 
machines are, for the sake of distinction, called the power and 
the weight, the latter always denoting the force to be resisted 
or overcome. 

42. By the mechanical advantage of any machine is meant 
the ratio of the weight to the power, when in equilibrium ; 
thus, if a power of 2 lbs. sustain a weight of 30 lbs., the me- 
chanical advantage is 30^ 2, or 15. 

And hence, if W be the weight^ P the power, and a the ad- 
vantage, ^^^p 

43. The lever.— The lever is an inflexible bar, capable of 
free motion about a fixed axis, called the fulcrum. Unless the 
contrary be stated, the lever is usually supposed to be without 
weight. 

Levers are of three kinds, according to the relative position 
of the power, weighty and fulcrum. 
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When the fulcrum is between the power and the weight, the 
lever is of the first kind 

When the weight is between the fulcrum and the power, the 
lever is of the second kind. 

When the power is between the fulcrum and the weight, the 
lever is of the third kind. 

The beam of a balance is a lever of the first kind, an oar is 
a lever of the second kind, and the treadle of a lathe is a lever 
of the third kind. 

Scissors are double levers of the first kind, nut-crackers are 
double levers of the second kind^ and spring shears are double 
levers of the third kind. 

44. Condition of equilibrium in fhe lever. — According to 
what has been stated in Article 21, there will be equilibrium, 
if the resultant of the forces acting upon the lever passes 
through the fulcrum. Let P be the power and W the weight; 
let a be the perpendicular distance of the fulcrum from the 
line in which P acts, and b its distance &om the line in which 
W acts. Then, whatever the directions of P and W, and 
whatever the form of the lever, their resultant will pass 
through the fulcrum, if 

Pa = W5. 

Hence, if the power and the weight are the only forces 
acting upon the lever, that is to say, when the weight of the 
lever itself is disregu^ied, the condition of equilibrium in a 




iP 
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lever of any kind is, that the power x its distance from fulcrum 
= the weight x its distance from the fulcrum ; and, therefore, the 

, . , , . dist of power from fulcrum 

mechanical advantage = -jv-r — i» ■ v . ^. — ^n • 

dist. of weight from fulcrum 

It is convenient to describe the perpendiculars drawn from 
the fulcrum to the directions of the power and the weight as 
the power^s arm and the weight's arm respectively; and hence 
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we may say, that when the weight of the lever is disregarded 

P : W : : W*s arm : P*s arm; 

' the mechanical advantage = ==rT ^. 

Wb arm 

N.B. The arms of a lever are portions of the bar itself only 
when the forces act at right angles to the bar, as in figs, i and 3. 

K the weight of the lever itself be regarded, the relation 
between the power and the weight may be found by means of 
the principle of moments, the sum of the moments of those 
forces which tend to turn the lever in one direction must be 
equal to the sum of those which tend to turn it in the contrary 
direction. 

JEx, 1. A weight of 20 lbs. is suspended at a distance of 3 

inches from the fulcrum of a straight lever of the first kind; 

where must a power of 4 lbs. be suspended, in order that there 

may be equilibrium, the weight of the lever being disregarded? 

Let X = the distance sought, then 

4a? = 20 X 3 = 60, 
aj= 15 inches. 

Ex, 2. In a straight lever of the second kind, whose length 
is 18 inches, wnere must the weight be placed, if P = 7, when 
W = 42, the weight of the lever being disregarded ) 
Let X be distance of W from fulcrum, then 

42^=7 X 18= 126, 
a; = 3 inches. 

Ex. 3. The arms of a straight lever of the first kind, of 
uniform thickness and density, are 7 in. and 3 in. respectively 
in length; a weight of 12 lbs. is suspended from the shorter 
arm, what power will support it^ the weight of the lever being 
4 lbs.) 

Since the lever is of uniform thickness and density, its centre 
of gravity is at half its length, and therefore at a distance of 
2 in. from the fulcrum ; and the weight of the lever tends to 
produce rotation in the same direction as the power. 

Let P be the force required, then 

Px7 + 4X2=I2X3, 

or 7P+8 = 36, 

P=4lb8. 

45. Pressure upon the fUomm of a lever. — The pressure 
upon the fulcrum is in every case the resultant of the forces 

B 2 
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acting upon the lever. In two cases this may be readily 
found First, when P and W are parallel forces and the weight 
of the lever is disregarded. Then (Art 13) the resultant equals 
their sum or their difference, according as they act concurrently 
or non-concurrently. Hence the pressure upon the fulcrum, 
in levers of the first kind, is P+ W, 
in levers of the second kind, W — P, 
in levers of the third kind, P — W. 
Secondly, when P and W are both vertical, and the weight of 
the lever is to be regarded. s 

The weight of the lever itself being regarded, must then be 
added or subtracted, according as the greater of the two weights 
acts vertically downwards or vertically upwards. Thus, if w - 
the weight of the lever, the pressure upon the fulcrum, 
in levers of the first kind, is P + W + m;, 
in levers of the second kind, W ~ P + u?, 
in levers of the third kind, P — W ± m;. 
In other cases the pressure upon the fulcrum must be found 
by the application of the parallelogram of forces. 

46. Balances. — Balances, mechanically considered, are simply 
straight or bent levers of the first kind, with pans suspended 
from the extremities of one or both of the arms. 

The Common Balance is a balance with equal arms, and with 
pans stUspended from both its arms. Since the arms are equal, 
a body placed in one of the pans will be balanced by an equal 
weight in the other. If the scales be perfectly true, the body 
and the weight will still balance, if they are made to change 
places. This, then, is the most convenient way for testing a 
common balance. If the body weighed is balanced by different 
weights, according as it is placed in the one pan or the other, 
the scales are shewn to be false. The true weight of the body 
is a mean proportional between the two false weights.* 

* Let IT be the true weight of the body, and let x and y be the unknown 
afins of the balance. When w is placed in one pan, let it be balanced by a 
weight of 1 6 lbs.; and when placed in the other, by a weight of 12 lbs. 
Then, since the weight ir and 16, acting at the arms x and y, were in equi- 
librium, vDXr=^ i6y^ 
and since w and 12, acting at the arms y aud Xy were in equilibrium, 

wy = I2jr. 
Multiplying together vflxy= I92xy, 

.'. «>*= 192, or tr= i/192; 
hence the true weight is a mean proportional between the two false weights. 
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Of balances with unequal arms, those most commonly used 
are the Steel-yard, the Danish Balance, and the Bent Lever 
Balance. 

The SrEEL-YARD is a lever of the first kind, with very un- 
equal arms, pro- #> 
vided with a r 
moveable weight 

P, which may be ^^^^ -^^^ J F B 

suspended from Cv( °) <» vs; ) I ! i i i S — ' ' '^ 
any point in the 
longer arm. The 




D E 





longer arm is 

graduated, and 

the weight of any 

body suspended fruui tue shorter arm is indicated by the point 

at which P must be placed in order to balance it 

The Danish Balance. — This instrument consists of a straight, 
bar AB, having a ^ 

heavy knob A at ( 

one end, and at ^^^^^ ' ' • ^ ^ \ \ y \ 'R 

the other end B a ^ ^ 

a hook, bearing a 

scale -pan. The 

fulcrum is 

moveable, and the bar is so graduated, that the weisjht of any 

body placed in the scale-pan is determined by the position of C. 

The Bent Lever Balance. — ^This instrumeut, which is verv 
convenient for determining expedi- 
tiously the weight of bodies within a 
moderate range, consists of a bent 
lever ACB, one end of which A beai-s 
an index, which moves over a gradu- 
ated quadrant, and the other end B 
sustains the scale-pan. The thickness 
of the lever is greatly increased to- 
wards A, so that its centre of gravity 
shall be not far from A. The quad- 
rant may be graduated experimentally, 
by placing different weights succes- 
sively in the pan, and marking off the points at whicb A rests. 




47. The wheel and axle. — The wheel and axle consists of a 



88 



ON THE 8IMFLB MACHINES. 



cylinder or axle firmly fixed to a wheel, and having a com- 
mon axis with it. The weight is attached to a cord passing 
round the axle, and the power to a cord passing round the 
wheel. 

Let the figure represent a section of such 
a machine, where C is a point in the com- 
mon axis, CA the radius of the wheel, and 
CB the radius of the axle. Let P be theA| 
power, and W the weight. These may be 
regarded as two parallel forces, and if in 
equilibrium, their resultant must pass 
through C, and therefore we must have 
P X AC = W X BC. Hence, in the wheel 
and axle 

P : W : : radius of axle : radius of wheel. 

Whence, 




mechanical advantage = 



radius of wheel 
radius of axle' 



48. The advantage in the wheel and axle may be increased 
dither by increasing the radius of the wheel, or by diminishing 
the radius of the axle. If, however, the wheel be very greatly 
increased, the machine becomes too unwieldy to be serviceable, 
and if the axle be much diminished, it becomes too weak to 
sustain the weight. These difficulties in the way of an indefi- 
nite increase of the mechanical advantage are 
overcome by the simple device of a compound 
axle, one-half of which is of smaller radius 
than the other. One end of the cord sus- 
taining the weight is wound round the a^ 
thicker part of the axle, and the other end, 
in a contrary direction, round the thinner 
part. As the power descends, some part of 
the cord unwinds from the thinner axle, 
while another part is wound up around the 
thicker axle; but as more of the cord is 
wound up than is let out, the weight is 
raised by the action of the machine. Let P be the power, W 
tha weight, r the radius of wheel, a the radius of thicker axle, 
And b the radius of the thinner axle. Since the whole weight 
is supported by the two parts of the cord, the tension in the 
cord = i W. 
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The power and the tension in the cord passing to the thinner 
axle both act on the one side of the axle, and the tension in 
the cord passing to the thicker axle acts on the other. There 
will be equilibrium, if the moment of the resultant of the for- 
mer about a point in the axis equals the moment of the latter; 
and therefore, by Article 27, if the sum of the moments of the 
former equals the moment of the latter, 

Pr+jW6 = jWa, 

or Pr = jW(a-ft) 

P:W::J(a-ft):r. 
Whence it appears that the mechanical advantage is equal to 
twice the radius of the wheel divided by the difference of the 
radii of the axles. Part of this advantage is owing to the in- 
troduction of the pulley, which, it will be presently seen, doubles 
the advantage of the machine. Consequently, the advantage of 
the wheel and axle alone is equal to the i^ius of the wheel 
divided by the difference of the radii of the axles ; or the 
machine is equivalent to a simple wheel and axle, having an 
axle equal to the difference between the thicker and thinner 
parts of the compound axle. 

49. Toothed wheels. — A toothed wheel is a circular plate 
of wood or metal, having its circumference indented or cut 
into equal teeth all the way round. If two such wheels, having 
their teeth of the same magnitude, and at the same distance 
apart, be so placed that a tooth of one may lie between any 
two of the other, then if one of them be turned round by any 
means, the other will be turned round also. 

If the teeth be large, the amount and direction of the pres- 
sure which the one wheel exerts upon the other will, unless the 
teeth be made of a peculiar shape, vary considerably as the 
wheels revolve ; but if the teeth be small in comparison with 
the size of the wheel, this variation may be disregarded, and 
the mutual pressure may, without any great error, be treated 
as constant in magnitude and direction. 

50. To find the ratio of the power and weight in toothed 
fvheels, when the teeth are small 

Let the power and the weight both act at axles of equal 
radius, and let c be this radius. Let a be the radius of Fs 
wheel, and b the radius of W*s wheel. 

Since the teeth are small, the pressure of the one wheel 
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upoD the other may be regarded as constant, and as acting in 
the direction of the common tangent to 
the two wheels. Let Q denote this pressure. 
Then, since P and Q are in equilibrium, 

Pc = Qa. 
Similarly, Wc = Qb, 

/. multiplying crosswise, PQ6c = WQac, 

Vb = Wa, 
or, P : W : : a : 6. 
But since the teeth in each wheel are of 
the same magnitude, and at the same dis- 
tance apart, the number of teeth in each 
wheel will be proportional to the circumfereuce, and conse- 
quently to the radius. Therefore, P : W : : number of teeth in 
Fs wheel : number of teeth in Ws wheel. 
Whence, 




mechanical advantage = 



number of teeth in W*s wheel 
number of teeth in Fs wheel* 



51. The pulley. — ^A pulley consists of a small wheel, which 
moves freely about an axis, and allows a cord to pass over 
any part of its circumference. Unless it be otherwise stated, 
the wheel is supposed to revolve without friction, and the cord 
to be perfectly flexible. 

No mechanical advantage is gained by a fixed pulley ; for, as 
the tension in every part of the cord is the same, if a weight 
W be suspended at one extremity, an equal weight must be 
applied to the other to maintain equilibrium. Hence in this 
case, P ~ W. 

The effect of a fixed pulley is simply to change the direction 
of the force. 



52. To find the ratio of the power and weight in a single 
moveable pulley, when the cords are parallel, -. 

Let the weight W be attached to the move- ^ 
able pulley B, and let B be sustained by a cord 
ABC, one extremity of which is fastened at A, 
and the other, after passing over the fixed g 
pulley C, sustains the power P. 

Let there be equilibrium: then the weight 
W is sustained by the tension in BA and the 
tension in BC ; but since the cords are parallel, these tensions 
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may be regarded as two parallel forces, and therefore W must 
equal their sum. But the teusion of the cord is the same 
throughout^ and is equal to P; 

W = 2P, or P = JW. 



• • 



53. To find the ratio of the power and weight in a single 
moveable pulley, when the cords are not parallel 

Let the directions of two parts _^_ 
of the cord meet in B. In the '^ ~ 
vertical line through B take any 
point C, and draw CD parallel to 
BE. Then, m the triangle CDB, 

CB is parallel to W, 

BD ,, tension in BD, 

DC „ tension in BE; 

therefore the three forces are repre- 
sented by the three sides of this 
triangla But the tension in BD 
and the tension in BE are equal, being each equal to P^ there- 
fore BD = DC, 




and 



or. 



P : W : : BD : BC ; 

mechanical advantage - 



BC 
BD" 



But one side of any triangle is less than the sum of the other 
two. Therefore, BC is less than BD + DC ; that is, BC is less 
than 2BD. The mechanical advantage, therefore, is less than 2, 
and hence the advantage when the cords are inoKned is less 
than when the cords are parallel. 

54. The following combinations of pulleys are termed respec- 
tively, the first, second, and third system of pulleys. 

In the first system of pulleys, each pulley hangs by a sepa- 
rate cord, one end of which is fastened to a fixed beam, and 
the other to the pulley above it. (See fig. Art. 55.) 

In the second system of pulleys, the same cord passes round 
all the pulleys, which are arranged in two blocks, one of which 
is fixed, and the other bears the weight. (See^^. Art. 57.) 

In the third system of puUeys, each cord is attached to the 
weight. (See fig. Art 58.) 

55, To find the ratio of the power and weight in the first 
system of pulleys, when the weight of the pulleys is disregarded. 
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Let ABO be three moveable pulleys, and let P and W be in 

equilibrium. 
By Article 52, 

tension in AB = ^W, 

tension in BO = i tension in AB = JW, 

tension in OF = i tension in BC = ^W, 

But, by Article -51, tension in CF = P, 

therefore, when there are three moveable 

pulleys, P = |W or W = 8P. Similarly, if 

there be four pulleys, W = i6P ; if five, W 

= 32P, and so on. Hence, in the first sys- 
tem of pulleys, when the weight of the 

pulleys is disregarded, the weight is found 

by doubling the power as many times as 

there are pulleys, and the power is found 

by halving the weight as many times as 

there are pulleys. 

56. To find the ratio of the power and weight in the first 
system of pulleys, when the weight of the pulleys is regarded. 

The total weight acting at each pulley is the tension of the 
string attached to the block, together with the weight of the 
block. 

The entire weight at A is the weight W, together with the 
weight of the piilley A j one -half of this sum will give the 
tension in AB. 

The entire weight at B is the tension in AB, together with 
the weight of the pulley B ; one-half of this sum will give the 
tension in BC. 

The entire weight at C is the tension in BC, together with 
the weight of the pulley C ; one-half of this sum will give the 
tension in CF, which is equal to the power P. 

Hence, when W is given to find P, to W add the weight of 
the lowest pulley, and divide by 2 ; add the weight of the next 
pulley, and again divide by 2. Kepeat tliis process as many 
times as there are moveable pulleys, the result will give P. 

If P be given, W is found by the inverse processes. Double 
P and subtract the weight of the highest pulley. Double 
again, and subtract the weight of the next pulley, and so on 
as many times as there are moveable pulleys. 



Ex, 1. Three puUeys are aiTanged according to the first 
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system, the lowest weighs 6 lbs., the next 5, and the highest 4; 
what power will sustain a weight of 1000 lbs.1 
1000 
6 



1006 -4- 2 = 503 
_5 

508-^2 = 254 
4 

258-2=129 = ?, 

Ex, 2. Four pulleys are arranged according to the first 
system, the lowest weighs 4 lbs., the next 5, the next 3, and 
the highest 6 lbs. ; what weight will be sustained by a power of 
43 lbs. ? 

43 X 2 = 86 
6 

Sox 2 = 160 
3 
157x2 = 314 
5 

309 X 2 = 618 
4 

614 = W. 

57. To find the ratio of the power and weight in the second 
system of pulleys. 

Since there is but one cord, and P is attached to one extremity 
of it, the tension in every part is equal to 
P. Hence, if w be the number of the por- 
tions of this cord in contact with the lower 
block, the weight supported will be nP ; J 
therefore in this system, 

W = nP, orP = i.W. 

n 

If the weight of the lower, block be w, the 
total weight supported is W + w; therefore, 
if the weight of the block be regarded, 

W + «; = nP, or P= i(W+ w\ 

n ' 
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58. To find the ratio of the power and weight in the third 
system of pulleys, when the weight of the pulleys is disregarded. 

Let there be three pulleys, A, B, C; then 
tension in Aa = P, 
tension in Bb = pressure on A = aP, 
tension in Cc = pressure on B - 4P. 
But as the weight is supported by the tension in 
the three cords Aa, Bb, and Cc, and since the 
cords are parallel, W must equal the sum of the 
tensions; therefore, 

W-P + 2P+4P=r7P. 

Similarly, if there be four pulleys, 

W = P+2P+4P+8P=i5P. 

Uence, if as many terms of the series i, 2, 4, 8, 
&0. as there are pulleys be added together, the 
sum multiplied by the power will give the weight ; and, con- 
sequently, the weight divided by this sum will give the power. 

Ex. 1. Five pulleys are arranged according to the third 
system, what weight will be supported by a power of 12 lbs., 
the weight of the pulleys being disregarded ? 

1 + 2 + 4 + 8+ 16 = 31, 
W = 3i X i2 = 372lba 

Ex. 2. Six pulleys are arranged according to the third system, 
what power will support a weight of 504168., the weight of the 
pulleys being disregarded ) 

I + 2 + 4 + 8 + 16 + 32 = 63, 
.\ P = S04-63 = 81bs. 

59. To find the ratio of the power and weight in the third 
system of pidleys, when the weight of the pulleys is regarded. 

The tension in Ao (fig. AH, 58) equals the power. The ten- 
sion in B6 equals twice the power increased by the weight of 
the lowest pulley. The tension in Cc equals twice the tension 
in B6, increased by the weight of the second pulley. The 
weight W will be equal to the sum of the three tensions. 

Hence generally, add together as many terms of the following 
series as there are pulleys ; viz., the power, twice the power + 
weight of the lowest pulley, twice the preceding + the weight 
of the next pulley, and so on : this sum will be equal to the 
weight supported. 
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Ex. \, Four pulleys, weighing respeotiyely 6, 5, 4, and 3lb&, 

are arranged aocording to the third system, the last mentioned 

being the lowest, what weight will be sustained by a power of 

24 lb& t -n 

^ P= 24 

2x 24+3= 51 
3x 51 + 4=106 
2 X 106+ 5 = 217 

W = 398 lbs. 

Ex, 2. With the same set of pulleys, find the power which 
will support a weight of 728 lbs. 
Tension in first string = P 

„ second „ ~ 2P+ 3 

„ third „ = 4P+10 

„ fourth „ = 8P+25 

W =15? +38 = 728 
15^ = 690 
P= 461b& 

60. The inclined plane. — To find the ratio of the power and 

weight in the inclined plane, when the 

power acts parallel to the plane. 

Let W be a weight resting upon an 

inclined plane ABC, and supported by 

a power P acting parallel to the plane. 

Make Ab = AB, and Ac = AC, then the 

triangle Abe is in all respects equal to 

the triangle ABC. In the triangle Abe, ^ w 

be is perpendicular to the direction of the power P, 
Ac „ „ the direction of gravity, 

Ab „ „ the re-action of the plane. 

.'.by Principle IV. P : W : : ftc : Ac, 

or P:W;:BC:AC. 

: : height of plane : length, 

whence 

mechanical advantage = ^^^ , ^ P ^°^ - 

height 

III a similar manner the pressure of W on the plane may be 

determined. This is equal and opposite to the re-action of the 

plane. Let R denote this re-actiou, 

R : W : : Aft : Ac, 

:: AB : Aa 
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That is, the pressure on the plane is to W as the base of the 
plane is to its length. 

61. To find the ratio of the power and weight in the inclined 
plane, when the power acts horizontally. 

In this case W is kept at rest by three 

forces, viz., the force of gravity acting 

vertically, the power acting horizontally, 

and the re-action of the plane acting 

perpendicularly to the plane. The sides 

of the triangle ABC are severally per- k 

pendicular to the directions of these 

forces; viz., 

BC is perpendicular to the direction of P, 

AB W, 

AC R 

Therefore 

P : W : : BC : AB 

: : height of plane : base, 

whence 

mechanical advantage =? ^ of plane 

height 

Also, R : W : : AC : AB, or the pressure on the plane is to 
the weight as the length of the plane is to the base. 

62. The wedge. — To find the ratio of the power and Ihe resit- 
tance in an isosceles loedge. 

Let ABC be the section of an 
isosceles wedge introduced into the 
deft DFE, and let the points BE be 
similarly situated on the two sides of 
the wedga The resistance on each 
side of the wedge will be the same, 
and if R be the total resistance, the 
resistances at D and E will each be 
^R; and they act perpendicularly to 
the sides of the wedge. Let a power 
P act at the point H, the centre of 
the back of the wedge. The direc- 
tions of these three forces when pro^ 
duced will meet in a point G; they may therefore be considered 
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as three forces acting upon a point, and in equilibrium. The 
sides of the triangle ABC are severally perpendicular to the 
directions of the three forces, and therefore, 

P:iR:: AB:AC, 
P: R::iAB:AC. 

That is, the power is to the total resistance as half the back 
of the wedge is to the side of the wedge. 




63. The screw. — ^Let AB be a cylinder, and AD a rectangle, 
whose base AC is equal to the circum- 
ference of the cylinder. Let the side CD 
be divided into any number of equal 
parts. Join AG, and through the points 
F, E, D, draw FH, EI, DK, parallel re- 
spectively to AG. Then if the rectangle 
AD be wrapped roimd the cylinder, the 
parallel lines AG, HF, &o, will trace out 
the continued spiral line called the screw^ 
the distance between the threads of the 
screw being equal to CG. 

Hence any resistance to be overcome by a screw may be 
regarded as a weight resting on an inclined plane, whose base 
is equal to the circumference of the ' cylinder, and whose 
height is equal to the distance between the threads of the 
screw. 

When the screw is used for mechanical purposes, the power 
is always applied in a direction perpendicular to the axis of the 
cylinder, and consequently parallel to the base of the inclined 
plane forming the screw Ime ; and therefore 

P : W : : height of inclined plane : base ; 

that is, P : W : : distance between the threads of the screw : cir- 
cumference of the cylinder. 



64. To find, the mechanical advantage of any combination of 
•amchinea. 

In a combination of machines, the weight of the first machine 
is the power of the second, the weight of the second the power 
of the third, and so on. Let a, &, c be the separate advantages 
of three machines in combination. Let P and Q be the power 
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and weight in the first, Q and R those in the second, R and W 
those in the third ; then 

Q = aP, 

R = 6Q, 
W = cR. 
Multiplying together QRW = ahc PQR, 

W = abc P. 

Therefore abc represents the mechanical advantasre of the com- 
bination ; that is, the advantage of the combination is equal to 
the product of the separate advantages of the component 
machines. 

EXAMPLES. 

1. A bar 46 in. long, supposed to be without weight, is used 
as a lever of the first kind, where must the fulcrum be placed 
when a power 40 sustains a weight 190)* 

Ans. 8 in. from the weight. 

2. If the same bar be used as a lever of the second kind, 
where must the weight be placed ? 

Ans. 97 in. nearly from the fulcrum. 

3. If the shorter arm of a lever of the first kind be 6 in., 
what is the length of the lever if P be 72 when "W is 648 1 

Ans. 5 feet. 

4. A bar 3 feet long, and weighing 6 lbs., is used as a lever 
of the first kind ; the shorter arm is 8 in. ; what is P when W 
is 60 lbs.? Ans. 15 lbs. 

5. With the same bar, what must be the length of the 
shorter arm, if P be 13 lbs. when W is 77 lbs.? Ans. 6 in. 

6. The same bar is used as a lever of the second kind, the 
weight of the bar acting concurrently with W, what is P if W 
be 120 lbs. and W's arm be 6in.1 Ans. 23 lbs. 

7. If the weight of the bar act concurrently with P, what 
will P be? Ans. 17 lbs. 

8. In the simple wheel and axle the radius of the axle is 
2 in., what must be the radius of the wheel if P be 10 when 
W is 160 1 Ans. 2 ft. 8 in. 

9. The two radii of a compound axle are 4 and 3 inches, the 
radius of the wheel is 30 inches, what is P when W is 7 20 lbs. ? 

Ans. 1 2 lbs. 

* Unless it be otherwise stated, the power and weight are supposed to act 
at right angles to the bar. 
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10. In Exaniple 6, what is the pressure on the fulcrum ? 

Ans. 103 lbs. 

11. Four pulleys, whose weights, beginning with the highest, 
^^ 3) 4f ^i ^^^ 6 1^ respectively, are arranged according to 
the first system, what power will sustain a weight of 462 lbs. ) 

Ans. 32 lbs. 

12. In the same system of pulleys, what weight will be 
sustained by a power of 62 lbs. 9 Ans. 942 lbs. 

13. If four pulleys, weighing respectively 3, 7, 4, and 9 lbs., 
are arranged according to the first system, which is the most 
and which the least advantageous arrangement ? 

14. What weight will be sustained by a power of 100 lbs. in 
the most advantageous arrangement, according to the first 
system, of four pulleys weighing respectively 4, 8, 4, and 
10 lbs.? Ans. 1526 lbs. 

15. With the same set of pulleys, what weight will be 
sustained by a power of 100 lbs. in the least advantageous 
arrangement? Ans. 1476 lbs. 

16. If the same pulleys be arranged according to the third 
system, what power will sustain a weight of 1598 lbs. in the 
most advantageous arrangement 1 Ans. 100 lbs. 

17. How many pulleys at least must be employed in the 
first system, in order that 1500 lbs. may be raised by 30 lbs., if 
each pulley weighs 4 lbs. ? Ans. 6. 

18. On an inclined plane, which rises 5 in 13,* what power, 
acting parallel to the plane, will support a weight of 91 lbs.? 

Ans. 35 lbs. 

19. If 1000 lbs. be supported on an inclined plane rising 7 
in 25, by a power acting parallel to the plane, what is the 
pressure on the plane ? Ans. 960 lbs. 

20. What horizontal force will sustain 1000 lbs. on an in- 
clined plane rising 2 in 25 ? Ans. 80*3 lbs. nearly. 

21. What weight will be sustained by a horizontal force of 
coo lbs. on an inclined plane rising 3 in 20? 

Ans. 659*1 lbs. 

22. What is the pressure on the plane when a weight of 
504 lbs. is sustained by a horizontal force on an inclined plane 
rising 16 in 65? Ans. 520 lbs. 

23. The diameter of a screw is 2 inches, and the distance 

* An inclined plane is said to rise 5 in 13, if when its height is 5 its 
(ength is 13. 

£ 
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between the threads is ^ inch, what is the mechanical advan- 
tage]* Ans. 25^ nearly. 

24. In a common screw press, the diameter of the screw is 
3 inches, the distance between the threads is ^ inch, and the 
length of the lever is 3 feet, what is the mechanical advantage ? 

Ans. 905^ nearly. 

25. Four levers, whose arms are severally 10 and 2, 8 and 3, 
15 and I, 12 and 2, are used in combination, what is the 
mechanical advantage 9 Ans. 1200. 

26. Two pulleys are arranged as in the first system, the 
cords at each pulley are inclined at an angle of 60°, what is 
the mechanical advantage, the weight of the blocks being dis- 
regarded? Ans. 3. 

27. A bar of uniform thickness and density, 4 feet in length, 
is used as a lever of the first kind; when the fulcrum is 7 inches 
from one end, a weight of 78 lbs. is balanced by a power of 
10 lbs., what is the weight of the bar 9 AnSi 8 U)s. 

* The circumference of a circle is nearly V* of the diameter; more 
accurately 3*14159 times the diameter. 
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CHAPTER IV. 

ON THE LAWS OF MOTION AND THB MOTION OF FALLING BODIE& 

65. When forces not in equilibrium act upon a body, motion 
must ensue. The swiftness with which the body moves is 
termed its velocity, and this may be either uniform or variable. 

66. 'D'niform velocity, and how measured.— Velocity is uni- 
form when the body describes aU equal spaces in eqiial times. 
It is measured by the space described in a unit of time. It is 
customary to take a second for the unit of time, and a foot for 
the unit of measure ; that is to say, velocity is measured by the 
number of feet described in one second. Thus, if a body moving 
with a uniform velocity have passed through looo feet in 8 
seconds, its velocity is looo-r- 8, or 125 ; and generally, if « be 
the space in feet through which a body has passed in t seconds, 
then if v denote the velocity, 

trss — or $ = vt, 
t 

Respecting this equation, it should be particularly noticed 

that its significance and its truth are based solely upon the 

understanding that velocity is measured in the way here 

described, ill that it affirms is, that when a body moves 

uniformly, the number of feet described in any given number 

of seconds is equal to the number of feet described in one 

second multiplied by the number of seconds ; and it is only as 

an abbreviation of this that it is allowable to say that 

space = velocity x time. 

67. Variable Telocity, and how measured.— Velocity is 
variable when all equal spaces are not described in equal times. 
When a body in motion has a variable velocity, its velocity 
at any moment may be measured by the space which would be 

E 2 
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described iu a unit of time, if at that moment the velocity 
were to cease to vaiy. 

68. Pint law of motion. — A body in motion^ not acted on by 
any external force, will continue to move in a straight line, and 
with a uniform velocity. 

This is equivalent to the assertion, that matter possesses no 
inherent power of changing the direction or the state of its 
motion. 

The truth of this law must be decided by an appeal to 
experiment. The powers with which matter has been endowed 
can evidently be learnt only by observation. Every attempt 
to prove their existence by a priori demonstration will be 
found to assume in some way or other the property under 
consideration. 

The first law of motion cannot, however, be established by 
any direct experiment, for the prescribed conditions can under 
no circumstances be fulfilled. Nowhere can we find a body 
which is not acted on by some external force. Every particle 
of matter is subject to a variety of external influences. Thus, 
if a ball be rolled along the ground, it is acted on by the 
attraction of all surrounding matter, by the resistance of the 
atmosphere, and by the force of friction; and it moves neither 
in a straight line nor with a uniform velocity. It is found, 
however, that the more we lessen the influence of external 
force, the more nearly does the motion become direct and 
uniform. 

If a ball be rolled along a smooth pavement, it will move 
for a longer time, and in a line more nearly straight, than when 
thrown with the same velocity along a rough road; and still 
more so if rolled along a sheet of ice. 

If a weight suspended by a thread from any point be made 
to oscillate, it will after a time come to rest. One of the 
external forces acting upon the body is the resistance of the 
air. If this be diminished by causing the body to move 
within the exhausted receiver of an air pump, the oscillation 
will continue for a longer period; — and the more perfect the 
vacuum the longer will the motion continua 

On a railway, after a train has acquired the desired velocity, 
it is no longer necessaiy for the engine to work, except so far 
as to overcome the effects of external forces, such as the 
friction of the rails and the resistance of the atmosphere. 
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The moBt convincing evidence of the truth of this law is 
found in the accordance of the consequences deducible from it 
with observed phsenomena. It is impossible to doubt the cor- 
rectness of a priuciple, upon the assumption of which the 
motions of the moon can be predicted with almost unerring 
certainty, and the time of an eclipse foretold within the frac- 
tion of a second. 

69. TJnifonnly accelerating force, how measured. — It foK 

lows, from the first law of motion, that if a force continue to 
act upon a body already in motion, its velocity will continually 
change. 

On this account force, when acting upon a body in motion, 
is termed accelerating force; and that, too, whether its effect 
be to accelerate or to retard the motion of the body. 

If the change in the velocity resulting from the action of 
any force be uniform — ^that is, if in all equal periods of time 
there be an equal increase or an equal diminution in the 
velocity, then the force is called a uniformly accelerating forcty 
and the force itself is measured by the velocity it generates 
(or destroys) in a unit of time. Thus, when we speak in 
Dynamics of a force 32, we mean a force which generates in 
each second of time a velocity of 32 feet per* second; that is, 
in one second it generates a velocity 32, in two seconds a 
velocity 64, in three seconds a velocity 96, and so on. And 
hence generally, if / represent any force measured, as just 
explained, by the velocity it generates per second, then if r be 
the velocity at the expiration of t seconds, 

v=ft. 

And here we repeat the caution given in Article 66. The 
significance and truth of this equation are based solely upon 
the understanding that force is measured in the way now 
described. All that it affirms is, that when a body moves 
under the action of any uniformly accelerating force, the 
velocity generated in any given number of seconds equals the 
velocity generated in one second multiplied by the number of 
seconds; and it is only as an abbreviation of this that it is 
allowable to say that 

velocity = force x tima 

70. Seoond law of motion. — When a force acts upon a body 
in motion^ the change of motion produced is the same, both in 




54 ON THE LAWS OF MOTION 

magnitude and direction^ as if the force acted on the body at 
rest 

Thus, if a body move along the line AB with such a 
velocity that it would describe the space AB in one second ; and 
if, when it arrives at A, a force act upon 
it such as of itself to cause a body to pass 
from A to C in one second, then at the 
end of the second the body will be found 
at D ; the change of motion represented 
by BD being the same in magnitude and 
direction as if the force had acted upon 
the body when at rest Each force produces its full effect in 
its own direction. 

This law is proved by such experiments as the following : — 

If a stone be dropped from the top of the mast, when a 
vessel is moving uniformly in any direction, and with any 
velocity, it will fall at the foot of the mast, just as it would if 
the vessel had been at rest. 

If from any point a ball be let fall, and another ball be at 
the same instant projected forward horizontally with any velo- 
city whatever, both balls will strike the ground at the same 
time. Here the ball at rest and the ball in motion are acted 
upon by the same vertical force, namely, the force of gravity, 
and both are caused to pass through the same vertical space in 
the same time. 

If a person in a railway carriage throw a ball perpendicularly 
upwards, it will not fall towards the back of the carriage, but 
will drop into the hands of the individual who projected it 

71. The third law of motion. — When pressure communi- 
cates motion to a body, the accelerating force varies as the ratio 
of the pressure and mass,* 

In other words, this law affirms, that if the proportion be- 
tween the pressure causing motion and the mass moved remain 
the same, the velocity generated in one second is the same ; 
that if this proportion be doubled, the velocity generated in 
one second is doubled; that if it be trebled, the velocity is 
trebled, and so on. 

This law is antecedently probable. We should expect, for 

* Mass, or quantity of matter in a body, may be measured by its weight; 
and it is as so measured that it is spoken of in the present and following 
sections. 
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instance, that if a certain mass be put iu motion by the action 
of a certain pressure continued for a given time, say one 
second, and that if the same mass be put in motion by a 
pressure twice as great as the former pressure^ the velocity 
given to the body in the latter case will be twice as great as in 
the former; so also, that if the pressure be trebled, the 
velocity will be trebled ; and generally that, the mass remain- 
ing the same, the velocity generated in one second will vary 
directly as the pressure. 

Again, if different masses be put in motion by the same 
pressure, continued for the same time, we should expect that 
the greater mass would have the smaller velocity, and that 
this diminution would be proportional to the magnitudes of 
the masses ; that if, for instance, the one mass be double the 
other, the velocity generated will be only one half as great \ 
if treble, the velocity will be only one third, and so on ; or, in 
other words, when pressure communicates motion to a body, 
the accelerating force varies inversely as the mass, if the 
pressure be constant. 

These two statements are summed up in the single state- 
ment, that when pressure communicates motion to a body, the 
accelerating force varies directly as the pressure and inversely 
as the mass ; or, as it is expressed above, it varies as the ratio 
of tke pressure and mass. 

The truth of this law is established by experiment. 

Let different bodies of the same shape, and of the same 
material, but of different weight, be let fall from the same 
heigh;, they will all reach the ground in the same time. The 
pressures here causing motion are the weights of the bodies, 
but ae are the weights, so also are the masses of the bodies, 
any ircrease of the weight increases the mass in the same 
proportion, and hence the ratio of the pressure to the mass is 
the same in alL And since the different bodies fall through 
the sane space in the same time, the accelerating force when 
measured in the way already explained is, as will be presently 
shown, the same in all. These experiments, then, confirm the 
law, so far as it affirms that if the ratio of the pressure and 
mass remain the same, the accelerating force remains the 
same. 

In the preceding experiment, the condition that the bodies 
be of the same shape and material is rendered necessary by 
the pressure of the atmosphere, which might otherwise affect 
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the several bodies unequally. If ezperiment be made in vacuo, 
this limitation is unnecessary, and it is then found that all 
bodies fall through the 8£une space in the same time. A welU 
known experiment of this kind is that which is commonly 
described as the guinea and feather experiment. It is most 
ccMiveniently performed by means of a long glass tube, closed 
at one end and finished with a stopcock at the other. Let a 
guinea and a feather, or better still, a bullet and a pith ball, 
be placed in the tube, and let the air be exhausted. If the 
tube be turned quickly into a vertical position, both the 
enclosed articles wUl fall through the length of the tube ia the 
same time. 

In order to make experiments upon bodies of equal passes 
moved by unequal pressures, or upon bodies of unequal xiiasses 
moved by equal pressures, a more elaborate apparatus i.s 
required. How this is done will be described in the foUpwing 
section. 

72. Attwood*8 Maohine. Experimental verification of the 
third law of motion. — Attwood's Machine consists of two 
pillars, one of which is graduated, support- 
ing a pulley arranged so as to work with as 
little iriction as possible. An open ring A 
and a stage B slide along the graduated pillar, 
and by means of screws can be fixed at any 
part of it. P and Q are two equal cylindrical 
weights connected by a cord passing over the 
pulley. C is a pendulum beating seconds. 

P and Q, being equal, will havo of them- 
selves no tendency to motion ; but if a small 
bar be placed upon. P, P will descend with an 
accelerated velocity until it reach the ring A, 
which, allowing P to pass through, but inter- 
cepting the bar, removes the cause of accele- 
ration. P will then, in accordance with the 
first law of motion, move uniformly with the 
velocity it had acquired on reaching A; and 
if the stage B be so placed that P may strike 
it exactly one second after reaching A, the distance iB will 
measure the velocity generated during the interval the bar was 
resting on P. If then the bar be allowed to rest dfi P for 
exactly one second before reaching A, we obtain the ifieans of 
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determining the Telocity generated in one second; that is, the 
measure of the accelerating force. 

The entire mass moved consists, it will be seen, of the bar 
and the two weights; the pressure causing motion is the weight 
of the bar only. 

If now we arrange for a series of experiments in which the 
combined weights of P, Q, and the bar shall remain the same, 
but the weight of the bar vary, we shall find that the distance 
AB, which measures the velocity generated in one second, will 
vary in the same proportion as the weight of the bar. Thus 
if, for instance, in the first experiment P and Q are each 2f oz. 
and the bar ^ oz., and in the second P and Q are each 2^ oz. 
and the bar x oz., we shall find that AB m the latter case is 
twice as great as in the former. In both experiments the mass 
moved is the same, namely, 6 oz., but the pressure in the latter 
case is double the pressure in the former. 

If, again, we arrange for another series of experiments in 
which the bar is the same, but the weight of P and Q varies, 
we shall find that the distance AB varies inversely as the entire 
weight moved. Thus, let the bar weigh i oz., and in the first 
case let P and Q weigh 5^ oz. each, and in the second 2^ oz. 
each, the space AB will in the latter case be twice as great as 
the former. In both experiments the pressure causing motion 
is the same, namely, i oz., but the mass moved in the latter 
case is 2i^+ 2^+ I, or 6 oz., or only one half of that moved in 
the former, which is 5^+ 5^^+ i, or 12 oz. 

73. Moving foro0. — The product of the accelerating force 
and the mass is termed the moving force. Let / denote the 
accelerating force, P the pressure, and M the mass; then, by 
the third law of motion, 

/ vanes as — • 

M/ „ P. 

Hence the third law of motion may be also enunciated in 
the following way: When pressure communicates motion to a 
body, the moving force varies as the pressure. 

74. Force of gravity measnred experimentally. — The mass 
of a body being measured by its weight, it follows that, ^hen 
a body falls freely, the mass moved and the pressure causing 
motion have each the same value, and hence that the ratio of 
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the pressure and mass is unity. Let g represent the accele- 
rating force in this case, and let / represent it when the ratio 

of the pressure and mass has any other value represented by 

p 
the fraction .-^ : then, according to the third law of motion, 

M 

/■. . P . . 
/ : ^ :: ^ . I, 



• • 



J y is: 



Hence the value of g may be found by means of Attwood's 
machine. For giving to P and M any values we please, we can 
find / by measuring the distance AB (fig., Art. 72); and, 
substituting these values in the equation just obtained, we 
readily obtain the value of g. Suppose, for instance, that 
when the bar is i oz., and the weights 7^ oz. each, we find the 
distance AB to be 2 feet. Then in this case the .accelerating 
force is 2, the pressure i, and the mass 7i-+ 7^+ i, or 16 oz. 
Hence, we have 

^ = 9rv\ 

The imperfections of Attwood's machine, arising from the 
friction of the wheels and other causes, do not enable us to do 
more than to obtain a rough approximation to the value of 
gravity in the way just described. Much greater accuracy is 
attained by means of experiments with penduluma If t de- 
note the time of a vibration, / the length of the pendulum, 
g the force of gravity, and v the ratio of the circumference of 
a circle to its diameter, then it can be shewn that 



"^(i)' 



whence it follows that 

The time of a single vibration of a pendulum can be deter- 
mined with great accuracy by the simple device of observing 
the number of vibrations made in a considerable period, and 
then dividing the whole time by the number of vibrations. 
The length of the pendulum is found by measurement. By 
substituting these values when obtained in the equation just 
given, and by taking the average of a large number of results. 



[ AND THE MOTION OF FALUNO BODIES. 59 

I it is found that at the sea level in the latitude of London the 

I value of g is 32*1908, or 32*2 nearly. 

' N.B. — By the length of the pendulum is here meant, not the length of 

the bar or bars of which the pendulum is composed, but the distance between 
the point of suspension and another point on the other side of the centre of 
gravity, so taken that, when the pendulum is suspended from it, the vibra- 
tions are made in the same time as before. 

75. Motion of a body moving from rest under the action of 
a nniform accelerating force. — If a force be measured, as ex- 
plained in Art 69, by the velocity generated in one second, it 
will be found, by experiments with Attwood's machine, that 
the space described in one second is equal to one-half of the 
force. Thus, if the force generates a velocity of 20 ft. per 
second, the space described in one second will be 10 ft; and 
generally, if / be a force measured by the velocity it generates 
per second, the space described in one second will be ^/. 

At the expiration of one second, the body will have acquired 
a velocity/] and, therefore, during the 2nd second the force is 
acting on a body in motion. By the second law of motion, 
each cause of motion will produce its full effect in its own 
direction. In the present case, both are acting in the same 
direction, and hence the entire space described in the 2nd 
second will be the sum of the separate spaces due to the 
velocity acquired and the action of the force. But the space 
due to the velocity acquired =3 /, and the space due to the 
action of the force ~ ^/, therefore the space described in the 
2nd second = /+ if = |/ x 3. 

The velocity acquired in two seconds is 2/. Hence, in the 
3rd second, we have the space due to the acquired velocity = 2/, 
and space due to the action of the force = \fy therefore the 
^ space described in the 3rd second = 2/ + ^/ = i/ x 5. 

In like manner it will be found, that the space described in 
the 4th second = -J-/ X 7; in the 5th, i/x 9; and so generally, 
the space described in the nth second equals half the force multi- 
plied by the nth odd number. 

By adding together the spaces described in the ist and 2nd 
second, we obtain the space described in two seconds ; addino^ 
to this the space described in the 3rd second, we obtain the 
space described in 3 seconds, and so on. Hence, 
space described in 2 seconds = ^fx 4, 



« »» 3 » =i/^ 9» 

II II 4 w =i/^»^; 
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and generallj, the space described in any time equals half the 
force multiplied by the square oj this immber of seconds; or, 
as is commonly written, 

s^if^. 

By Art. 69, v=ft, and therefore, f^=/*^. But, from the 
preceding, 2/5 =/'<*. Hence, 

or the square of the velocity equals twice the force multiplied hy 
the space. 

The three equations, v =ft, « = J fP, and t^ = 2fs, express the 
relation between each pair of the three quantities ; viz., the 
space described, the velocity acquired, and the time when a 
body moves from rest under the action of a uniform accele- 
rating force. If any one of these quantities be known, either of 
the other two may, by means of one or other of these equa- 
tions, be found directly. When gravity is the force considered, 
these equations are written v = gtf s = ^gP, and v^ = 2gs, 

Ex, 1. A stone falls from rest under the action of gravity, 
find the space described in 5 seconds. 

In the formula s = ^P, make < = 5, then 

8=i6'i X 25 = 402*5 feet. 

Ex. 2. Find the velocity which a stone will acquire by 
falling through 16 10 feet 

In the formula v' = 2gs, make 8 == 1 610, then 

w* = 64'4 X i6io, 
= 103684, 
/. V =<yio3684 = 3aa. 

Ex, 3. How long must a body fall, under the action of 
gi*avity, to acquire a velocity of i28'8 feet per second ? 
In the formula t; = 2gty make v= 128*8, then 

128*8 -32*2 X ty 

t = 128-8 -r 32*2 = 4 seconds. 

Ex, 4. How far must a body fall, under the action of 
gravity, to acquire a velocity 96*6 ) 

In the formula 1?*= 2^5, make v= 96*6, then 
(96*6)' = 64*4 X s, 
5= 144*9. 

Ex. 5. A weight of 9 ounces draws a weight of 7 ounces 
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over a fixed pulley, find the space described from rest in t 
seconds, neglecting the inertia of the pulley. 

The pressure causing motion is 9 — 7 = 2 ounces, and the 
weight moved is 9+ 7 = 16 ounces, therefore (Art. 74), 

the accelerating force = ^ ._ = 4 nearly. 
Substituting this in the general formula 8 = ^fP, we have 

8 = 2t\ 

Hence, in one second the space described is 2 feet, in two 
seconds 8 feet, in three seconds 18 feet, and so on. 

Ux. 6. A weight of 9 lbs. is drawn along a smooth horizontal 
table by a weight of i lb. hanging vertically by a string passing 
over a pulley at the edge of the table ; find the space described 
from rest in 3 seconds, the velocity acquired in 4 seconds, and 
the space described in the 5th second. 

The pressure causing motion is i lb., the weight moved is 
9+1 = 10 lbs. Therefore 

accelerating force = g, — = 3*2, 

space described in 3 seconds = 1*6 x 9= 14*4 fb., 
velocity acquired in 4 seconds = 3-2 x 4 = 12-8. 
The space described in the 5th second is ^/ multiplied by 

the 5th odd number, or 9 ; .'. space described in 5th second 

is 1*6 X 9= 14-4 feet. 



EXAMPLES. 

(In the following examples take g = 32.) 
If a body fall from rest under the action of gravity, find 
(1.) The space described in the 21st second. Ans. 656 ft. 
(2.) The velocity acquired in 8 seconds. Ans. 256. 

(3.) The space described in 6 seconds. Ans. 576 ft. 

(4.) The time of acquiring a velocity 160. Ana.. 5 sec. 

(5.) The space described in acquiring a velocity 224. 

Ans. 784 ft. 
(6.) The time of describing 400 ft Ans. 5 sec. 

(7.) The velocity acquired in describing 576 ft. Ans. 192. 
8. A weight of 8^ lbs. descends drawing up another of 7^ lbs. 
over a fixed pulley, find the space described in 5 seconds. 

Ans. 25 ft. 
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9. A vireight of 13 lbs. is drawn along a smooth horizontal 
table bj a weight of 3 lbs., find the time of describing 147 fL 

Ans. 7 860. 

76. Motion of a body projected vertically upwards. — If a 

body be projected vertically upwards, and be allowed to return 
to the point from which it was projected, then, disregarding the 
resistance of the atmosphere, the following two laws hold good : 

First. The times of ascent and descent are equal. 

Secondly. The velocities of ascent and descent are equal at 
equal altitudes. 

From the latter, it follows directly, that on returning to the 
point of projection, the body is moving downwards with the 
same velocity as that with which it was projected upwards. 

By the aid of these two laws various problems relating to 
the motion of a body projected vertically upwards are reduced 
to simpler questions of a body falling freely from rest For 
instance, if the time which elapsed between the projection of a 
body and its return be known, half of this is the time of 
descent; and the question, How high did the body rise? 
resolves itself into the simpler question^ How far will a body 
fall from rest in the time thus given ? 

Again, if the velocity of projection be given, and the question 
be. How long did the body rise 1 we have only to ask, How long 
must a body fall from rest to acquire such a velocity ? 

Or, thirdly, if the velocity of projection be given, and the 
question be, How high did the body rise? we can substitute 
for this the question. How far must a body fall- from rest to 
acquire the given velocity ? 

The following are examples in illustration : 

Ex, 1. A body is projected vertically upwards with a velocity 
of 100 feet per second, to find how high it will rise. 

By Art 75, r* = 2g8, or 8 = — ; therefore, in this case, 

xoooo ^^ o 
' = -674- = '^^'^- 

Ex, 2. A body is projected vertically upwards with a velocity 
of 161 feet per second, to find how long it will continue to 
ascend. 
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By Art. 75, v=gt, or t=z-.; therefore, in this case, 

if 

t = — L = 5 seconds. 

32-2 

Ex, 3. A stone is projected vertically upwards, and returns 
to the same spot after an interval of 12 seconds, find the 
velocity of projection, and the height to which the body has 
risen. 

The velocity of projection is equal to the velocity acquired 
by the body during the time of descent, or 6 seconds; and 
therefore, if V be the velocity of projection, since v = gty 
V = 32*2 X 6 = 193*2 feet per second. 
The height to which the body has risen is equal to the 
distance through which it falls &om rest during 6 seconds; 
that is, 

the height required = ^ x 6' 

= t6'i X 36 = 579*6 feet. 

Another class of problems relating to the motion of a body 
projected vertically upwards is that which requires us to find 
either the velocity or the position of the body at a given time. 
These are readily solved by aid of the second law of motion. 
For since the direction of the force is exactly opposite to that 
of the velocity of projection, it follows that 

The velocity at any instant equals the velocity of projection 
diminished by the velocity generated by the force of gravity 
during the time of motion ; and 

The space described in any time equals the space due to the 
velocity of projection diminished by the space due to the action of 
gravity. 

The following are examples in illustration : 

Ex, 1. A ball is projected vertically upwards with a velocity 
of 200 feet per second, what is its velocity at the end of 

3 seconds 9 

The velocity generated by gravity in 3 seconds is 32*2 x 3, 
or g6*6 ; therefore, 

velocity required = 200 - 96*6 = 103*4. 

Ex, 2. A ball is projected vertically upwards with a velocity 
of 120 feet per second, at what height will it be at the end of 

4 seconds ? 
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The space due to the velocity of projection is (Art. 66) 
120 X 4, or' 480 feet. 

The space due to gravity in 4 seconds is 1 6*1 x 4', or 257*6 
feet Therefore, 

height required = 480 — 257*6 =122*4. 

Ex, 3. A ball is projected vertically upwards with a velocity 
of 160 feet per second, and two seconds afterwards another 
ball is projected in the same direction with a velocity 224, 
when, and at what height, will the balls meet ? 

Let the balls meet x seconds after the projection of the 
second ball, then a; + 2 is the time the first ball has been 
moving. 

The space described by the first ball in d? + 2 seconds is 

160 (ar+ 2)— 16 (ar+ 2)'. 

Similarly, the space described by the second ball in x seconds is 

224ic— i6a^. 

But since the balls meet, these two quantities must be 
equal; /. 

2240?— i6x^== 160 (x-h 2)— 16 {x+ 2)' 
128a; =256, 
X =2 ; 

or the balls meet 2 sec. after the projection of the second ball. 
To find the height, substitute 2 for x in either of the expres- 
sions for the space described by the balls ; e.g,y 224a;— i6a?, 

height = 224 x2 — 16x4 = 384* 

The laws stated in this section are formally deduced in the 
following sections.* 

77. If a body he projected with a given velocity V, and he 
acted on in the same direction hy a uniform accelerating force f, 
to find the velocity acquired and the apace described in a given 
time t. 

From the second law of motion, it follows that the velocity 
will equal the velocity of projection. + the velocity generated by 
the force ; and, therefore, if v denote the velocity required, 

And similarly, the space described = the space due to the 
velocity of projection + the space due to the action of the force. 

* These may be omitted on a first reading. 
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The space described by a uniform velocity Yint seconds = Yt, 
and the space due to the action of a uniform accelerating force 
in t seconds =: ^ f^. Therefore 

• s = Yt^if^. 

78. If a body be projected with a given velocity V in a 
direction opposite to that in which the accelerating force acts, 
the expressions deduced as in the preceding article will be 

v=Y-fi, 
Squaring both sides of the first equation, we have 

= V»-2/s. 

79. To find the height to which a body ivill rise when pro- 
jected vertically with a given velocity Y, 

Here the direction of V is opposite to that of the force of 
gravity, or g; and hence, if v denote the velocity acquired when 
the body has described the space «, by the preceding article, 

t;* = V* — 2g8, 

But when the body has attained the highest point, its velocity 
at that instant will = o, and therefore if « = the height of this 

2gs = V^ 

By comparing this result with the expression ^ = 2g8 in Art. 
75, we see that the height to which the body will rise is the 
same as the distance through which it must fall to acquire the 
velocity of projection. 

80. To find the time during which a body will rise when 
projected vertically with a given velocity V. 

Since at the instant of attaining the greatest height v = o, 
then (Art. 78) yf-gt=o 



t=T. 



V 



From the general formula v = gt, it follows that — is also 
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the time during which a body must fall to acquire the velocity 
V; and hence, from this and the preceding section, we see that 
on its return to the point whence it was projected, the body 
will have a velocity equal to the velocity of projection, and 
that the times of descent and ascent will be equal 

EXAMPLES. 

1. A ball is projected vertically upwards with a velocity of 
80 feet per second ; how high will it rise in 2 seconds 1 

Ans. 96 feet. 

2. A ball is projected vertically upwards with a velocity of 
192 feet per second; after what interval will it return to the 
point of projection 1 Ans. 12 sec. 

3. A ball is projected vertically upwards with a velocity of 
80 feet per second ; what is its greatest elevation 1 

Ans. 100 feet. 

4. A ball is projected vertically downwards with a velocity 
of 70 feet per second ; what is the space described in 6 
seconds ? Ans. gg6 feet. 

5. A ball is projected horizontally with a velocity of 60 feet 
per second; what is the distance of the ball from the point 
of projection at the end of 5 seconds ? Ans. 500 feet. 

6. A ball is projected vertically upwards with a velocity of 
1000 feet per second, and 3 seconds afterwards another ball is 
projected in the same direction with a velocity 1856 ; at what 
time after the projection of the second ball will the balls 
meet? Ans. 3 sec. 

7. If in the preceding question the balls had been projected 
downwards, when would they have met ? 

Ans. 4^f sec. after the projection of the second ball. 

8. A ball is projected horizontally with a velocity of 40 feet 
per second ; from the same point, and at the same instant, a 
second ball is let fall ; what distance will the balls be apart in 

,8 seconds? Ans. 320 feet 

9. Two balls are projected at the same time from the same 
point, one horizontally, with a velocity 60, and the other 
vertically downwards, with a velocity 20 ; what will be the 
distance of the balls from each other in 5 seconds ? 

Ans. 316*23 feet nearly. 
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CHAPTER V. 

ON THE FUNDAMENTAL PROPERTIES OP FLUIDS. 

81. A fluid is a body, all of whose parts can move freely 
amongst themselves. Motion consequently can be caused 
amongst the particles of a fluid body by the application of the 
slightest conceivable force. 

82. The science which treats of the equilibrium of forces 
acting upon fluid bodies is termed Hydrostatics. 

83. Fluids are divided into liquids and aeriform fluids. An 
aeriform fluid is distinguished from a liquid by the existence 
of an expansive or repulsive force amongst its particles, in con- 
sequence of which they tend in a greater or less degree to 
move ofl" from one another. 

84. When a fluid is at rest, any portion of it may be sup- 
posed to become solid, without disturbing the equilibrium. 

Since all the particles of the fluid are at rest, it is clear that 
they will not less be so, if any number of them be rigidly con- 
uected with each other, and so deprived of the power of relative 
motion. 

85. Fluids transmit pressure equally and in all directions. 
In the sides of a closed vessel of any shape let a number of 
apertures of equal area be made, and let 
these apertures be supplied with pistons 
exactly fitting them. Let the vessel be 
filled with water, and let the pistons be 
maintained by some mechanical contriv- 
ance in their respective positions.* If 
any one of the pistons be pressed in with a force P, it is found 

* For the reason of this provision, see Art. 91. 

F 2 
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that all the other pistons experience a similar pressure, and 
that a corresponding force P must be applied to each of them, 
in order to retain them in their places. Thus the pressure 
communicated to the fluid has been transmitted in ail direc- 
tious, for all the pistons experience it, whatever their position 
and whatever the shape of the vessel ; and the transmitted 
press lu^ is equal to that communicated. 

These results are the same, whatever the number of the 
pistons, and wherever placed. It follows, therefore, that every 
portion of the surface of the containing vessel, equal in area to 
that of the piston, experiences a pressure P. Thus, if the 
area of a piston is one square inch, and a pressure of i lb is 
exerted upon it, a corresponding pressure of i lb is experienced 
by every square inch of the surface of the containing vessel. 

86. If A and B, the areas of whose lower surfaces are a and 
h respectively, be two pistons fitted into the upper surface of 
a vessel filled with fluid, and if Q be the pressure experienced 
by B when a pressure P is exerted upon A, tiien 

Q : P : : ft : a. 

For in consequence of the pressure upon the piston A, a 
pressure P is transmitted to every portion of the surface of 
the containing vessel, whose area equals a, and therefore to 
every unit of area a pressure is transmitted equal to P -r a. 

Since the lower surface of B contains h units of area, the 
whole pressure experienced by B is P6^a. But by the 
hypothesis, Q denotes this pressure, therefore Q = P6-T-a, 

**"'*'^ Q:P::6:a, 

pressure on B _ area of B 

pressure on A area of A* 

As ^n illustration, let the lower surface of the piston A be a 
circle whose diameter is i inch, and that of B a circle whose 
diameter is i foot, then 

area of B 12' 

area of A i' 



and therefore^ 



or 



pressure on B 
pressure on A 

pressure on B = 144 x pressure on A ; 



ON THE FUNDAMENTAL PROPERTIES OP FLUIDS, 



69 



SO that if a weight of i lb. rest upon the piston A, a weight of 
144 lbs. must be placed upon the piston B in order to maintain 
equilibrium ; and conversely, if 144 lbs. press on the piston B, 
the equilibrium may be maintained by a pressure of i lb. 
on A. 

87. Bramah press. — This powerful machine, invented by Mr. 
Bramah, is an interesting application to practical purposes of 
the characteristic property of fluids. 

C and D are two cylindrical vessels, connected with each 
other by means of the pipe ab. A and B are two solid pistons 




working in water-tight collars cc, dd. The piston B, the 
diameter of which is much greater than that of A, supports a 
plate E, upon which the substance to be pressed is placed. A 
is capable of being worked up and down by a lever GH, 
having its fulcrum at G. L is a pipe leading into a reservoir 
I, a is a valve opening upwards, and b a valve opening into 
the vessel D. 

Let the vessels C, D be supposed to be filled up with water, 
when the pistons are in the position represented in the figure. 
Let A be forced down with a pressure P, then, by the preceding 

article, B is forced up with a pressure = P x s-r* 

area of A 
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If B yield to this pressure, the piston A will descend, and a 
portion of the water in C will be forced into the vessel D. 
The return of the fluid will be prevented by the valve b. If 
the piston A be now raised, fresh water will be pumped up into 
the vessel C from the reservoir I, and if A be again forced 
down with a pressure P, B will be again forced up with the 
same pressure as before. This process may be continued as 
long as the substance yields to the pressure exerted upon it. 

The pressure upon B may at any time be removed by un- 
screwing the plug e, by which the water is allowed to flow back 
into the reservoir. 

88. The safety valve is another important application of the 
same principle. A portion of the boiler of a steam-engine, 
whose area contains a square inches, is furnished with a valve 
opening outwards. The valve is so contrived as to admit of 
being loaded with certain weights. If a weight of aP lbs. be 
placed on the valve, it is pressed down with a pressure of P lbs. 
to the square inch. If then at any time the pressure of the 
steam be greater than P lbs. to the square inch, the valve will 
be forced open, and the steam will escape; and since the 
pressure of the steam is the same on every inch of the surface 
of the containing vessel, no portion of the boiler will experience 
a pressure greater than P lbs. to the square inch. So that if 
P be less than the pressure per square inch which the weakest 
portion of the boiler can bear, the boiler can never burst. 

89. All the particles of a fluid, equally with those of any 
solid body, are subject to the action of gravity. Any portion, 
however small, of a fluid is drawn towards the earth with a 
certain degree of force — that is, is possessed of weight. (Art. 27.) 
The total pressure, therefore, of a fluid at rest upon any surface 
in contact with it may be, and most commonly is, the sum of 
two different pressures, the one a pressure transmitted simply 
by the fluid, and the other a pressure arising from the weight 
of the fluid itself. The former, as we have seen, is the same 
upon every unit of a surface in contact with the fluid. The 
latter, it will be seen hereafter, varies with the position of the 
surface. When the latter is known in any case, it is only 
necessary to add to it the amount of transmitted pressure cor- 
responding to the area of the surface, and the total pressure is 
found. If then we can determine the pressure of a fluid upon 
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any surface arising from the action of gravity upon its particles, 
upon the supposition that no external pressure is communicated 
to the fluid, the problem is completely solved. 

90. Pressure of fluids upon surfaces in contact with them. 
The pressure of a fluid at rest upon any plane must be in a 
direction pei'pendicular to the plane. 

For the only force opposed to the pressure of the fluid on 
the plane is the resistance of the plane itself; and since there 
is equilibrium, these two forces must be equal and opposite. 
The resistance of the plane is perpendicular to the plane ; this 
consequently must be the direction of the pressure of the fluid. 

TTie pressure of a fluid upon any plane in contact with it is 
equal to the weight of a column of the fluid whose base is the area 
of the given plane, and whose height is the depth of the centre oj 
gravity of the plane below the surface of tJie fluid. 

Let A, B, C, D be moveable pistons, with plane surfaces, 
fitted into the sides of any vessel. If the vessel be filled with 
water, or any other fluid, the pressure of the fluid will force 
these pistons outwards. The amount of this pressure may be 
learnt by finding the force necessary to keep the pistons in 
their places. As the pressure acts at right 
angles to the surface of the piston, this 
force must also act at right angles to the ^ 

piston. Let a cord be attached to any one 
of these pistons, as at A, and pass over 
pulleys so placed that the cord forms a 
right angle with the surface of the piston, jyt 
Let W be the weight which must be f 
attached to the other extremity of the I | ' | 
cord in order to keep the piston in its ^ 

place. It will be found that W is equal to the weight of a 
column of the fluid whose base is the area of the piston A, and 
whose hoight is the depth of the centre of gravity of the 
surface of the piston below the surface of the fluid. Thus, if 
the area of the piston be 6 square inches, and the depth of its 
centre of gravity be 8 inches, W will be equal to the weight of 
6 X 8, or 48 cubic inches of the fluid. By similar experiments 
with other pistons, such as B, C, and D, whose surfaces are 
differently inclined, it will be found that the result is indepen- 
dent of the inclination of the surface ; so that if the surface 
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be th^ same, and the depth of its centre of gravity be the 
same, the pressure of the fluid is the same, whatever the 
inclination of the given surface may be. 

Sx. 1. To find the pressure on a rectangular plane lo inches 
by 4, when immersed in water so that its centre of gravity is 
at a depth of 20 inches. 

The area of the plane is 10 x 4, or 40 square inches. Hence 
the pressure on the plane is the weight of 40 x 20, or 800 cubic 
inches of water. 

The weight of a cubic foot of pure water is 1000 oz. avoir- 
dupois, and therefore the weight of a cubic inch is 1000 -r- 

1728 oz. o 

' , . J 800 X 1000 

. . pressure required = — 

1728 

= 462*96 oz. 

Ex, 2. To compare the pressures on the bottom and side of 
a cubical vessel filled with any fluid. 

Let a be the length of the edge of the cube, and w the 
weight of a cubic unit of the fluid. The area of the bottom 
of the vessel is a', and the depth of its centre of gravity is a, 
.*. the pressure on the bottom = wc^. 

The area of the side of the vessel is a\ and the depth of its 
centre of gravity is ^a, .'. the pressure on the side is ^wc^. 
Hence the pressure on the side of the vessel is one-half of that 
on the bottom. 

What has been stated above of the pressure of a fluid upon 
plane surfaces applies also to curved surfaces. The total 
pressure of a fluid upon any surface is equal to the weight of a 
column of the fluid, whose base is the area of the given surface, 
and whose height is the depth of the centre of the gravity of the 
surface below the surface of the fluid. Thus, if A be the area 
of any surface, h the depth of its centre of gravity, and w be 
the weight of a cubic unit of the fluid, then the total pressure 
of the fluid upon the surface is in all cases 

loAh. 

N.B. — By total pressure is meant the sum of the pressures exerted at all 
the points of the surface. These pressures act at right angles to the surface, 
and hence, when the surface is curved they are not all parallel, and, con- 
sequently, their sum is not the same as their resultant. It is oilly in the 
case of plane surfaces that the total pressure and the resultant pressure 
are identical. In Art. 95 we shall see how the resultant pressure may 
be found, when the surface is the entire surface in contact with the fluid. 
Other cases are too difficult to be introduced here. 
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Ex, 1. A globe, whose radius is 6 inqhes, is immersed in 

water so as to be just covered, required the total pressure 

upon its surface. 

Here w = \ Sf%% oz. ; A = 4 x V ^ 3^>* a^d A = 6 

. J 1000 X 4 X 22 X 36 X 6 
pressure required = -? — ^ 

1728 X 7 
= 1571^02. 

Ex, 2. A cone, whose height is 12 inches, and the radius of 
its base 9 inches, is immersed in water, with its vertex on the 
surface, and its axis vertical, required the total pressure on the 
conical surface. 

The area of a conical surface is found by multiplying half 
the circumference of the base by the slant height. (Mathe- 
matical Examples^ p. 77.) The slant height is >/(9*+ 12') or 

15. Hence, A = — ^ x 15. 

7 
The centre of gravity of a conical surface is distant from the 

base by one third of the height. Hence, A = fxi2 = 8. 
Therefore, 

_ 1000 X 198 X 15 x 8 



pressure required 



1728 X 7 
= 1964^ oz. 



91. Pressure of a fluid npon a surfEUse independent of the 
quantity of the fluid. 

The total pressure of a fluid upon a surface in contact with 
it being in all cases equal to wAh, is dependent only upon 
these three things, viz., the density of the fluid, the area of 
the surface, and the depth of the centre of gravity of the 
surface. If these three remain the same, the pressure remains 
the same. Hence, if a surface of any size or shape be placed 
in contact with a fluid mass, with its centre of gravity at a 
given depth, the total pressure is not affected by any alteration 
in the quantity of the fluid. 

For instance, if the bottoms of any number of vessels of 
diflbrent shapes be of the same size, and the same fluid be 
poured into each, to the same height, the pressures upon the 

* The area of a circle is nearly -^ of the iguar$ of its radius. The 
content of a globe is f of ^ of the eub$ of the radius. The surface 
of a globe is 4 times die area of a circle of coiresponding radius. See 
Ne%Dih*9 Mathematical Exampkt^ pp. 74-79. 
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bottoms will be the same, notwithstanding the differences in 
the quantity of the fluid in the several vessels. 

This may be shown experimentally in the following way. 




Let A, B, C be three vessels of the forms represented hi the 
figure, supported on a frame by projecting rims. The bottom 
of each is of the same size, formed of a metal plate, moveable 
on a hinge, and kept close by a catch, loaded with a weight. 
Let water be poured into the vessel C, until the pressure over- 
comes the weight, and forces open the bottom. Let the same 
weight be attached to the vessel B, and let water be poured 
into this vessel, it will be found that the bottom will remain 
closed until the water rises to the same height as that to 
which it rose in C. Repeat the experiment with A, and the 
same result will happen. This shows, that when the water is 
at the same height in the three vessels, the pressure on the 
bottom is the same, notwithstanding that the quantity of 
water in the vessels is greatly different. 

92. Another consequence from the fact that the value of 
the total pressure of a fluid upon a surface depends only 
upon the three quantities, w^ A, and A, is, that if a surface be 
placed in contact with a given fluid, with its centre of gravity 
at a given depth, the amount of the fluid pressure is not 
affected by turning the surface about its centre of gravity. 

If, for example, a circular plate of any size be immersed in 
water, with its centre at a depth of i foot, the pressure upon 
it is the same in amount, whether the surface be horizontal or 
vertical, or inclined at any angle whatever. The only effect of 
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altering the inclination of the surface is to alter the diredion 
of the fluid pressure. 

93. If the student will now revert to Art. 85, he will see 
why it was necessary to insert the provision, that the pistons 
be maintained in their position by some mechanical con- 
trivance. For if the pistons (as is the case with the pistons 
C, D) be situated any where except upon the uppermost surface 
of the vessel, they will experience a pressure greater or less 
according to their distance below the surface of the fluid, and 
will, in consequence of this pressure, be forced out, if not 
prevented. 

The pistons A and B, which press upon the uppermost 
surface of the fluid, experience no pressure from the weight of 
the fluid itself; whatever force, therefore, is impressed upon 
them is transmitted undiminished to every part of the fluid. 
But if a pressure be applied elsewhere, at C for instance, and 
no other force act upon the piston, then a part of this pressure 
will be employed in counterbalancing the pressure of the fluid 
upon C, and the remainder only will be the pressure trans- 
mitted by the fluid. Hence, if a be the area of any piston, h 
the distance of its centre of gravity below the surface of the 
fluid, and ti; the weight of a cubic unit of the fluid, and if aP 
be the pressure exerted upon the piston, the pressure trans- 
mitted to every coiTesponding area is aP - wah, or the pressure 
transmitted to every unit of area is P — wh, 

94. 7f a fluid be poured into any one of a number of open 
vessels having a free communication 'mth each other, the fluid 
will rise to the same height in all. 

Let A and B be any two such vessels, "\ r ^ r 

having the lowest point at C. 

Let a thin vertical plate of the fluid 
passing through C become rigid. Let 
a be the area of this plate, h the 
distance of its centre of gravity be- 
low the surface of the fluid in A, 
and h' its distance below the surface 
inB. ^ 

Let w be the weight of a cubic unit of the fluid. Then the 
pressure exerted on the one side of the plate by the fluid in A 
is wah, and that exerted on the other side by the fluid in B is 



B 
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wah'. But since there is equilibrium, these pressures must be 
equal; therefore 

wah = wah'y 
or h = h\ 



95. Hydrcstatio bellows. — ^AB is a narrow tube communi- 
catiug with a vessel formed by uniting together two pieces 
of wood by some flexible and waterproof substance. If water 
be poured down the tube, it will enter the vessel, and raise a 
large weight W placed upon CD. 

When equilibrium exists, let A be the 
surface of the water in the tube, and let a 
B lie in the same horizontal plane with 
CD. Let w be the weight of a cubic 
unit of water, and let h be the depth of 
B or CD below A. 

The pressure upon each unit of area 
in CD is wh. Therefore, if A = number B 
of units in the area of CD, the total 
pressure on CD = wAA, and since there is 
equilibrium, this must equal the weight supported ; therefure 

W = wkh. 

If a = area of the horizontal section of the pipe at B, 
weight of fluid in AB = wah^ 









W = — X weight of fluid in AB, 
a ' 



96. The resultant pressure of a fluid on the sor&ce of a 
solid, wholly or partially immersed in it. 

Let any portion M of any fluid at rest become solid, ^Hidr 
since the equilibrium is not thereby disturbed, the forces 
acting upon M must be in equilibrium. The only forces 
acting upon M are the weight of M acting vertically down- 
wards at the centre of gravity of M, and the pressures of 
the fluid upon the surface of M. Hence the ^ 
resultant of these pressures must be equal r 
and opposite to the weight of M acting at 
its centre of gravity. But the fluid will 
exert the same pressure upon the surface of 
any other body of the same form as M 




L 



occupying it place. Hence, the resultant pressure of a fluid 
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on the surface of a solid wholly or partiaUy immersed in it^ is 
equal to the weight of the fluid displaced, and acts vertically 
upwards through the centre of gravity of the fmd displaced. 



97. Bodies weighed in fluids. — If any body bang freely by 
a cord, we have seen (Art. 32) that the centre of gravity lies 
in the vertical line drawn through the point of suspension, 
that is, in the line of the cord ; and the tension in the cord 
equals the weight of the body. 

If such a body be wholly immersed in a fluid, it has been 
shewn in the preceding article, that it will be pressed upwards 
by a force equal to the weight of the fluid displaced, which, in 
this case, is the weight of a portion of the fluid equal to the 
bulk of the body ; and this pressure is directly opposite to the 
weight of the body ; therefore the tension in the cord will be 
the weight of the body diminished by the weight of an equal 
bulk of the fluid. 

Hence, when a body is weighed in a f 

fluid, as may be done by means of the y— — f 
Hydrostatic balance, which in its 
simplest form is only a common pair 
of scales, with a fine thread or wire 
attached to the under surface of one 
of the scale pans, the weight of the 
body is diminished by the weight of 
the fluid displaced. 

This statement applies to all fluids, whether liquids or gases. 
The weight of a body in air is less than its true weight by the 
weight of the air which it displaces ; the loss of weight being 
at the rate of 31 grains for every 100 cubic inches in its 
volume. 

98. Conditions of equilibrium of a floating body. — If a 

body floating in a fluid be at rest, the forces acting upon it are 
the weight of the body, which acts at its centre of gravity, 
and the resultant pressure of the fluid, which acts at the 
centre of gravity of the fluid displaced. 

The necessary conditions of equilibrium are, that these forces 
be equal and opposite. The two conditions, therefore, are, 

First, that the weight of the body be equal to that of the 
fluid displaced ; and, 
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Secondly, That the centres of gravity of the body and the 
fluid displaced be in the same vertical line. 

As a body cannot displace a quantity of fluid greater than 
its own bulk, if the weight of the body be greater than that 
of an equal bulk of the fluid, the body cannot float in that 
fluid. If the weight of the body be exactly equal to that of 
an equal bulk of the fluid, the body will have in no position 
any tendency either to rise or to sink, provided only « it be 
entirely covered by the fluid. 

EXAMPLES. 

1. Two circular pistons, whose diameters are 2 and 10 inches 
respectively, are fitted into the upper surface of a vessel filled 
with fluid ; if a pressure of 10 lbs. be applied to the smaller 
piston, what is the pressure on the larger piston? Ans. 250 lbs. 

2. The diameter of the large piston in a Braraah press is 
20 inches, of the small } inch, the lever is 2 feet long, and 
is attached to the small piston rod at a point 2 inches from 
the fulcrum, what is the mechanical advantage of the press 1 

Ans. 76800. 

3. Find the pressure upon a rectangular plane 12 in. by 5, 
when immersed in water, so that its centre of gravity is at a 
depth of 24 inches. Ans. 833^ oz. 

4. The diameter of the plate of a hydrostatic bellows is 
12 inches, a weight of 250 lbs. is placed upon it, what will be 
the height of the water in the pipe ] Ans. 6x313^ in. nearly. 

5. A cubic foot of fir weighs 40 lbs., to what depth will it 
be immersed when floating in water? Ans. 7*68 in. 

6. If a cubic foot of oak, when floating in water, be 
immersed to the depth of 9 inches, what is its weight ? 

Ans. 46 lbs. 14 oz. 

7. A globe, 6 inches in radius, when floating in water is 
half immersed, what is its weight? Ans. 261^ oz. 

8. A conical vessel, with its vertex downwards, is filled with 
water, required the total pressure upon its surfisice, the height 
being 24 in., and the radius of its base 7 in. Ans. 2546^ oz. 

9. A cylindrical piece of wood is immersed in water, so 
that its centre is at the depth of 12 inches, required the total 
pressure on the cylindrical surface, the length of the cylinder 
being 14 ia^ and the radius of its base 3 in. Ans. 1833^ oz. 
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CHAPTER VI. 

ON SPECIFIC GRAVITY. 

99. The specific gravity of any substance is the ratio of 
the weight of the substance to the weight of an equal bulk or 
volume of a certain standard substance. For solids and 
liquids the standard is distilled water at a temperature of 60° 
Fahrenheit. For gases the standard is atmospheric air at a 
temperature of 60°, with the barometer at 30 inches. 

Hence, for solid and liquid bodies, 

gp. gr. = weight of body . 

weight of equal volume of water ' 
and for gaseous bodies, 

sp. gr. = wei ght of b ody 

weight of equal volume of air. 

It follows from this definition, that the weight of any body 
is equal to its specific gravity multiplied by the weight of an 
equal volume of water (or air). Hence, if W be the weight 
of any body, V its volume, « its specific gravity, and w the 
weight of a unit of the standard, then 

A cubic foot of pure distilled water at 60° weighs 1000 oz. 
avoirdupois, and 100 cubic inches of air at the standard 
temperature and pressure weigh 31 grains. Hence, for solids 
and liquids, if a foot be taken as the unit of measurement, 
w = 1000 oz. ; but if an inch be the unit, w = Y?ff oz. For gases, 
taking an inch as the unit, u'= '31 grains. From these data 
any one of the following three quantities, viz., the weight, the 
volume, and the specific gravity, can be found when the other 
two are known. 

Ex, 1. To find the weight of a cubical block of marble, 
whose side is 8 feet. 
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The volume pf the block is 8x8x8, or 512 cubic feet. 
The sp. gr. of marble is 27. Therefore, 

weight of block = 27x5i2x 1000 oz. 

= 38*571 tons. 

Ex, 2. To find the weight of a cubic foot of chlorine gas. 
The volume in inches is 1728. 

The sp. gr. of chlorine is 2*5. Therefore, 

weight req. = 2*5 x 1728 x '31 gr. 
= 3'o6i oz. av. nearly. 

Ex. 3. A body weighs 3 lbs., and its specific gravity is 7*2, 
required the volume. 

The weight of the body in ounces is 3 x 16, or 48. Hence, 

48 = Vx7-2x^^f. 

xr 48 X 1728 _ . 

y=^ i — = ii'52in. 

7200 

Ex. 4. What volume of oxygen gas will weigh i lb. av. 1 
The weight of the gas in grains is 7000, the sp. gr. is i *i i. 
Hence, 

7000 = V X I'll X '31 

V=-?^ = 20342-923 in. 
•3441 
= 11-772 feet. 

100. Metiiods of finding the specific gpravity of a solid 
body. — First, To find the specific gravity of a body heavier 
than water. 

Weigh the body both in air and in water. The loss of weight 
in water is, as seen in Art. 97, equal to the weight of the 
water displaced ; that is, since the body is entirely immersed, of 
a volume ot water exactly equal to that of the given body. 
Therefore, 

^ weight of the body 

* loss of weight in water * 
Sec&ndty, To find the specific gravity of a body lighter than 
water. 

To the given body attach some other body heavy enough to 
sink it in water; weigh the two together both in air and in 
water ; the loss of weight is equal to the weight of the water 
displaced by both. Then weigh the heavy body in air and 
in water; the loss ot weight is equal to the weight of the 
water displaced by the heavy body. 



ON SPBCIPIC GRAVITY. 81 

The difference of the two losses is therefore equal to the 
weight of water displaced by the given body. Hence, 

weight of body 
' difference of the two losses * 

The specific gravity of a body lighter than water may also 
be found by allowing it to float in water, and then measuring 
the volume of the part immersed. For if V be the volume of 
any body, and s its specific gravity, then its weight (Art. 98) is 
Vsu7. And if V be the volume of the part immersed, that is, 
of the water displaced, then the weight of the water displaced 
is V'l^. But when a body floats, its weight is equal to the 
weight of the displaced fluid. Therefore, 

Nsw - N'Wy 
_ V _ volume displaced 

V whole volume 
If the body be cylindrical, and float with its axis vertical, then 
the proportion of the volume displaced to the whole volume is 
the same as the proportion of the depth immersed to the whole 
depth. Hence, in such cases, 

depth immersed 

SP. gr. = ^— ,; — ^ — - — . 

whole depth 

Thirdly : To find the specific gravity of a compound when the 
weights and specific gravities of the components are known. 

Let Wj Wg, <kc., be the weights, Vj Vg, &c., the volumes, and 
«! 5^, (fee, be the specific gravities of the components. Let W be 
the weight of compound, V the volume, and s the required 
specific gravity. Then if no change of volume result from the 
composition, V = Vi+V,+ &c. 

w w 

But by Art 98, V = — ; Vi = — i, and so on. Therefore 

sw s^w 

W Wi Wg . 

— = — ^ + — ? + &c. 

SVO SiW s^w 

From which equation s may be found, since all the other quan- 
tities are known. 

If the volume be increased by the mixture, the specific 
gravity is proportionately diminished. If, on the other hand, 

G 
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the volume be diminished by the mixture, the specific gravity 
is proportionately increased. Thus, for example, if the volume 
of the compound is ^ of the sum of the volumes of the com- 
ponents, the sp. gr. is ^ of the value determined above ; if the 
volume of the compound is only i of the sum of the volumes 
of the components, the sp. gr. is |^ of this value. 

Fourthly : To find the specific gravity of a compound when its 
volume and the volumes and specific gravities of the components 
are known. 

Using the same notation as before, 

W = Wi + W, + <kc. 

But, Art. 98, W = Vaw; Wi = ViSitr, and so on. Therefore 

Nsw = YiS^w + VgSgtt; + <fec. 

Ys =Vi»i +V,»2 +&C. 

Whence s may be found, all the other quantities being known. 

101. Methods of finding the specific gravity of a liquid. 

Firstly : To determine the specific gravity of a liquid by means 
of the specific gravity bottle. 

The specific gravity bottle is simply a small flask fitted with 
a ground stopper. 

Let w be the weight of the flask, x its weight when filled 
with the given liquid, and y its weight when filled with distilled 
water. The a? — M; = the weight of the given liquid contained 
in the flask, and y — w^ the weight of a similar volume of dis- 
tilled water. 

sp. gr. of the fluid = "" . 

y-w 

Specific gravity bottles are very frequently made so as to 

contain exactly looo gr£dns of pure distilled water. Then, if 

X and w are known in grains, 

sp. gr. of the liquid = . 

^ ^ ^ lOOO 

Secondly: To determine the specific gravity of a liquid by 
weighing a solid body in it. 

Weigh the body in air, in the given liquid, and in water. 
The loss of weight in the given liquid is equal to the weight of 
the liquid displaced ; and the loss of weight in water is equal 
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to the weight of water displaced. The volumes of the displaced 
liquid aud of the displaced water are the same. Therefore, 

_ loss of weight in given liquid 

loss of weight in water. 

Thirdly : To determine the specific gravity of a liquid by means 
of a hydrometer. 

The Common Hydrometer consists of a small hollow 
sphere A, to which there is attached on one side a 
slender graduated stem, and on the other a smaller 
sphere £, made of such a weight as to allow the whole 
instrument to float with the sphere A entirely im- 
mersed. 

A table accompanies the instrument, in which are 
given the specific gravities coiTesponding to the several 
divisions of the stem. The specific gravity of any 
liquid is found by observing the degree to which the 
instrument sinks when placed in it, and then referring 
to the tables. 

Nicholson's Hydrometer consists of a hollow sphere, or 
some other symmetrical figure, connected to a stem g^ 
which carries a cup at each end. The lower cup is 
loaded, so as to secure stability of equilibrium when 
the instrument floats with the stem vertical. 

When in use, the instrument is sunk' to an in- 
variable depth, by means of a weight placed in the 
upper cup ; the volume of liquid displaced is there- 
fore always the same. A| 

Let W be the weight of the instrument, and iv 
the weight which must be placed in B to sink the 
instrument to the point D in distilled water ; then 
the weight of water displaced is equal to 

W + w. 

Let V be the weight required to sink the instrument to D 
when placed in any given liquid, then the weight of the liquid 
displaced is equal to W + m/ 

The volumes displaced in each case are the same, therefore 

6p.gr. of the liq«id = ^'. 

102. Method of finding the speoifio gravity of a gas. — 
The method of finding the specific gravity of a gas is similar 

o 2 
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to that of finding the specific gravity of a liquid by means of 
the specific gravity bottle. Instead of the bottle a flask is 
used, fitted with a stop-cock, and capable of being screwed on 
to the end of an exhausting syringe, or to the plate of an air- 
pump. 

The air is first exhausted from the flask, and the stop-oock 
being closed, the flask is carefully weighed. "We thus obtain 
the weight of the empty flask. The flask is then weighed 
. when filled with air and with the gas. Deducting from these 
weights the weight of the empty flask, we obtain the weight of 
the air and of the gas contained in the flask, and the volumes 

being equal, ^ weight of gaa in the flask 

weight of air in the flask' 



sp. gr. 
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Platinum (forged) . . 

Gold 

Mercury (congealed) 

(fluent) 

Lead 

Silver 

Copper 

Brass 

Steel 

Iron (forged) , 

Tin 

Iron cast at Carron. , 
Zinc (compressed) . , 

(common) . . . . 

Aluminium 

Sodium 

Potassium 

Diamond 

Plate Glass , 

Marble 

Cornish Granite . . . , 

Green Glass , 

Flint (black) 

Portland Stone . . . . 

Brick 

Ivory 

Sugar , 

Lignum Vitae 

Box (Dutch) 

Ebony 



7-8 to 



Mahogany '64 toi 



21-4 

19-3 

16-6 

13-6 

11-3 

10-6 

8-9 

8-4 

7-8 

7-7 

7-3 

7-2 

72 

6-9 

2-6 

•97 

•87 

3-5 

2-9 

2-7 

2-7 

2-6 

2-6 

2-6 

20 

•8 

•6 

■3 

•3 

■2 

■1 



1- 

1" 

!■ 

l- 

1 

1- 




Beech 
Oak 
Scotch Fir 

Spruce Fir 

Cork 

Sulphuric Acid 

Nitric Acid 

Honey 

Blood (human) 

Ale (average) 

Milk 

Sea "Water 

Wine (Port) 

Castor Oil 

Proof Spirit 

OUve Oil 

Turpentine 

Brandy 

Alcohol 

Ether Sulphuric 

Chlorine Gas .* 

Carbonic Acid 

Nitrous Oxide 

Oxygen 

Nitric Oxide 

Carburetted Hydrogen . . . , 

Nitrogen 

Phosphuretted Hydrogen . . 

Ammoniacal Gas 

Sub-Carburetted Hydrogen 
Hydrogen 



85 
75 
69 
52 
24 
8 
5 

45 
05 
04 
03 
03 
•99 
•97 
•93 
•92 
•87 
•84 
•80 
•72 
2-60 



•53 
•53 
•11 
•04 
•97 
•97 
•90 
•59 
•56 
•07 
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EXAMPLES. 

1. ,What is the weight of a block of gold 8 in. long, 6 in. 
wide, and 4 in. deep? Ans. 134 lbs. o|^oz. avoirdupois. 

2. What is the weight of a cast iron globe whose radius is 
12 in.] Ans. i6cwt. 93 lbs. ti^oz. 

3. A body weighs 340 grains in air, and 102 grains in water, 
what is its specific gravity ] Ans. i'429. 

4. A lump of iron weighing 2 lbs. 4 oz. in air, and i lb. 15 oz. 
in water, is attached to a piece of cork, the two together weigh 
2 lbs. 10 oz. in air and 120Z. in water, what is the sp. gr. of 
the cork 1 Ans. '24, 

5. If 12 lbs. I oz. of gold be mixed with 1 1 lbs. 2 oz. of 
copper, what is the sp. gr. of the compound? Ans. 12-37. 

6. If 20 cubic inches of tin be mixed with 30 inches of. 
copper, w^hat is the sp. gr. of the compound? Ans. 8 26. 

7. A cube, whose edge measures 12 inches, sinks in water to 
a depth of 8 inches, but sinks in a given fluid to the depth of 
10 inches, what is the sp. gr. of the fluid ? Ans. '8. 

8. A body, whose weight is 300 grains, sinks to the same 
depth in water and spirits of wine, when loaded 80 and 17 
grains respectively, what is the sp. gr. of the spirits of wine ? 

Ans. -834. 
9 A cylindrical piece of cork, whose length is 20 inches, 
floats upright in water, to what depth will it be immersed ? 

Ans. 4*8 in. 

10. To what depth will the same piece of cork be immersed 
in a fluid whose sp. gr. is 72 ? Ans. 6f in. 

11. The sp. gr. of a mixture of brandy and water is '936, 
how much brandy is there in a pint of the mixture ? 

Ans. f pt. 
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CHAPTER VII. 

ON ATMOSFHEBIO PRESSURE. 

103. The atmosphere surrounding the earth, being a fluid 
acted on by gravity, presses upon all bodies immersed in it, in 
accordance with the general laws of fluid pressure. 

The pressure of the atmosphere upon any body will conse- 
quently vary with the depth of that body below its highest 
surface. As, however, the dimensions of any ordinary body 
upon the surface of the earth are inconsiderable, when com- 
pared with the height of the atmosphere, this pressure may, 
without any sefksible error, be regarded as the same at all points 
in any such body. 

It is found by experiment that the pressure which the 
atmosphere exerts upon a body, on or near the surface of the 
earth, is at the rate of about 15 lbs. for every square, inch of 
surface. That we are not, in ordinary circumstances, cognizant 
of this pressure arises from the characteristic property of fluids, 
in accordance with which they press in all directions upon 
bodies immersed in them; so that, if the upper surface of a 
body, subject to the pressure of the atmosphere, experience a 
downward pressure of 15 lbs. to every square inch, the under 
surface experiences a corresponding upward pressure. If, how- 
ever, we destroy this equilibrium, by removing or diminishing 
the pressure of the atmosphere upon one side of' any body, we 
are immediately made sensible of the pressure which is exerted 
upon the opposite side. For instance, if a plate of glass be 
placed upon the top of a cylindrical receiver connected with an 
air pump, and the air be exhausted from the receiver, the plate 
of glass will be pressed down with a considerable force, and if 
not strong enough will be broken in pieces. 

104. Atmospheric pressure variable. — ^The atmospheric pres- 
sure at the same place is not found to be constant, but under- 



OH ATMOSPHERIC PRESSURE. 87 

goes considerable variation. Roughly speaking, it is found to 
vary between 13} lbs. and 15^ lbs. per square inch. It has 
been found, however, to be more convenient to measure the 
atmospheric pressure not by pounds or ounces, but by the 
length of a column of a fluid, whose weight would be equal to 
the atmospheric pressure upon its base. Mercury is the fluid 
most commonly employed for this purpose, and the column of 
mercury whose weight is equal to the atmospheric pressure is 
found to vary between 28 and 31 inches. 

Mercury is 13 '6 times as heavy as water, and therefore the 
cdumn of water which is equal to the atmospheric pressure 
will range between 32 fL and 35 ft. The average is a little 
under 30 inches of mercury, or 34 feet of water. 

The instruments by which the variations of the atmospheric 
pressure are observed and measured are termed Barometers. 

105. When the atmosphere presses upon any point of a fluid 
mass, to determine the amount of transmitted pressure. 

If the atmosphere presses upon the highest surface of the 
fluid mass, then it is evident that the transmitted pressure is 
equal to the pressure of the atmosphere. 

If the atmosphere presses at a point in the fluid mass below 
the highest surface, then a portion of the atmospheric pressure 
will be employed in counterbalancing the outward pressure of 
the duid itself, and the remaining portion only of the atmos- 
pheric pressure will be transmitted by the fluid. Let h be the 
distance below the highest surface of the fluid mass of the 
point at which the atmosphere presses upon it, and let w be 
the weight of a cubic unit of the fluid, then, as seen in Chapter 
v., the fluid itself will exert at this point an outward pressure 
on every square unit = wh. Then, if M denote the pressure 
exerted by the atmosphere upon a square unit, the transmitted 
pressure will be . M-wh 

for every unit of surface in the fluid mass. 

If the point at which the atmosphere presses upon the fluid 
mass be so taken, that wh is greater than iE, then it is plain 
that equilibrium cannot subsist, but motion will ensue amongst 
the particles of the fluid, until the distance becomes such 
that wh = M. 

106. -The cistern barometer. — This instrument is con- 
structed in the following manner : — ^A glass tube, closed at one 
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end, is filled with mercury, and, a finger being placed over the 
open end, is inverted in an open vessel of mercury. 

Let AB be such a tube, let CD be the surface of the mercury 
in the vessel, and let MB be more than 31 inches. Then, since 
CD is more than 31 inches below B, the highest surface of the 
fluid mass, the pressure of the fluid upon any square 
unit in the surface CD witt be greater than the atmos- 
pheric pressure. The mercury will consequently fall 
in the tube. Let N be the point at which it rests, 
then if M be the atmospheric pressure, and w the 
weight of a cubic unit of mercury, 

iE = w;. MN. 
The height of mercury in the tube will accordingly 
vary as the atmospheric pressure varies ; will rise as 
the atmospheric pressure increases, and fall as it 
decreases. 

A graduated scale is attached to the tube AB, by C 
means of which the changes in the height of the 
mercury in the tube can be observed and measured. 

107. It will be seen, that when the mercury falls in the tube 
it rises in the cistern, and that consequently the fall of the 
mercury in the tube, as measured by the scale attached to it, 
will not correctly measure the variation in the barometrical 
coluu)n, but will be too great by the distance through which 
the mercury has risen in the cistern. In like manner, \fhen 
the mercury rises in the tube, the variation, as measured by 
the scale, will be too small by the distance through which the 
mercury has fallen in the cistern. 

If the cistern be lai^e in comparison with the bore of the 
tube, the variation in the height of the mercury in the cistern 
is so small that it may be disregarded for ordinary purposes. 
When greater accuracy is desired, the bottom of the cistern is 
so made that it can be raised or lowered by a screw, and 
thereby the surface of the mercury in the cistern be adjusted 
to one uniform height. / 

108. The siphon barometer. — In this instrument the neces- 
sity of any adjustment is avoided by the simple device of 
substituting for the cistern a small tube, of the same bore as 
that of the larger tube. Let ABC be such an instrument, tlie 
surfaces of the mercury being at A and C. Suppose now the 
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mercury to fall in the shorter tube from C to c, and in con- 
sequence to rise in the longer tube from A to a. 
Then, since the bore of both tubes is alike, the 
distance Aa is equal to Cc. The entire variation 
in the barometric column is Aa + Cc, and therefore a 
equal to 2 Aa. Hence the variation, as measured 
by the scale, is exactly one -half of the real varia- 
tion. 

This form of the instrument possesses some 
advantages, but is open to the objection that by 
diminishing the scale it increases the difficulty of 
observing small variations of the height of the 
column. 
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109. The wheel barometer.—This form of the 
barometer has been contrived for the purpuse of 
making small variations of the column more sen- 
sible. It consists of a siphon barometer, having a 
small ball of iron or glass floating upon the open 
surface of the mercury. A fine thread, attached to the ball, 
passes round a small wheel, carrying an index, which moves 
over a graduated dial plate, and the rise or fall 
of the mercury is measured by the arc of the 
circle over which the index moves. The variations 
of the barometric column range between 28 and 
31 inches, or through a distance of three inches. 
As shewn in the last section, the variation at C is 
one-half of the variation in the barometric column ; 
and, consequently, the ball will rise or fall through 
a space of i^ inch. If, then, the circumference of 
the wheel round which tlie ring passes be exactly 
1^ inch, the index will make a complete revolution, 
when the ball rises or falls through a height of 
i^ inch ; and if the circumference of the dial 
plate be divided into 360 equal parts, the motion 
of the index over 120 of these parts will corres- 
pond to a rise or fall of the ball through half an 
inch, and therefore to a change of one inch in the 
barometric column. Consequently, the variation of one 1 20th 
part of an inch is shewn by the motion of the index over one 
division of the plate. 
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110. The 8iphon.--The siphon is a bent tube, open at both 
ends, and having one leg shorter than the other. If such a 
tube be filled with any fluid, and placed with the extremity of 
its shorter leg in a vessel containing the same fluid, the fluid 
will flow out through the longer leg. 

Let ABC be the siphon filled with fluid, and having B, the 
extremity of its shorter leg AB, 
placed below MN, the surface of the 
fluid in the vessel. Let A be the 
highest point of the siphon, and 
through A draw the vertical line 
AF. Let MN produced meet this 
vertical line in D, and let CF be the 
horizontal line drawn through 0. 

Let Aa be a thin vertical film of 
the fluid passing through A. Since 
each side of this film is similarly 
situated with respect to A, the highest point of the fluid mass, 
the pressure aiising from the weight of the fluid will be the 
same on each side. These pressures, therefore, are in equili- 
brium, and do not cause the motion of the fluid. 

But if M be the atmospheric pressure upon a square unit, 
and w be the weight of a cubic unit of the fluid, then, since 
the atmosphere presses upon the surface MN at a distance AD 
below the highest point of the fluid mass, there is transmitted 
up the leg BA, by Art. 105, a pressure upon every square unit 
equal to M-w , AD. 

Similarly, ^iuce the atmosphere presses upon the surface of 
the fluid mass at C, there is transmitted up CA a pressure 
upon every square unit equal to ^E - m? . AF. 

Hence, the one side of the film Aa will experience a pressure 
upon every square unit equal to M — w, AD, and the other side 
a pressure equal to M-w,A¥, But since AD is less than 
AF, M-w,AD is greater than M-w.AF; the film of fluid 
will therefore be forced down the leg AC. The same will 
happen to every film that may in succession occupy the posi- 
tion Aa; the fluid consequently will flow out at C, so long as 
there remains in the vessel any fluid above B. 

It has been assumed in the preceding that the height AD is 
such that w . AD is less than M. If AD be so great that w . AD 
is greater than iE, then, as seen in the preceding Articles, the 
fluid will sink in the leg AB to some level below the bend, and 
the siphon consequently will cease to act 
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The conditions therefore that a siphon may act for any fluid 
are, first, that the distance of the highest point from the surface 
of the fluid is less than the length of a barometric column of 
the fluid; and, secondly, that the open end of the siphon is 
below the surface of the fluid. If these conditions be fulfiUed, 
it is indiflerent whether the legs of the siphon are equal or 
unequal; and if unequal, whether the longer or shorter leg be 
inserted in the fluid. 

111. The oommon pump. — The common pump consists of a 
cylindrical barrel AB, furnished with a valve at B opening up- 
wards, and with an air-tight piston, capable of being 
moved up and down by means of a rod. ■ 

The piston is also furnished with a valve opening—* 
upwards, and to the barrel at B is attached a pipe BC,^ 
called the suction pipe. 

Let C be the surface of the water to be raised, and D 
suppose the piston to be at B. 

Let the piston be raised from B to A ; the air in g 
BC will, by virtue of its expansive force, press open 
the valve at B and fill the barrel AB; and, in conse- 
quence of occupying a larger space ABC, will exert a 
less pressure than before upon the surface of the water 
within the pipe. Hence, the pressure of the air within 
the pump being less than the atmospheric pressure C^ 
upon the surface of the water, the water will be forced 
up the pipe BC until equilibrium be restored. 

Let the piston now descend; the valve at B will be closed, 
and the air in AB will escape through the valve in D. If the 
piston be again raised, the preceding process will be repeated, 
and the water will again rise in the pipe BC. In like manner, 
upon every successive stroke of the piston the water will con- 
tinue to rise in the pipe, until, if BC be less than the water 
barometric column, it at last reaches R 

Let the water be at B, and let the piston be pressed down 
to B. Then, since the atmosphere presses upon the surface of 
the fluid at C, there will be transmitted by the fluid a pressure 
upon every square unit of the valve at B equal to M-w.BC 
(Art. 105); and, consequently, when the piston is again raised, 
the water will force open the valve at B, and will rise in the 
barrel as far as A, if AC be less than the water barometric 
column, or to some point between B and A, if AC be greater 
than the barometric column. 
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Upon the next descent of the piston, the valve in D will be 
forced open, and the water will flow through it; so that when 
the piston reaches B the water in the barrel will lie above the 
piston, and when the piston is raised will be raised along with 
it, and flow out at the spout A. 

It will be seen, that if BC be greater than the water baro- 
metric column, no water will rise into the barrel; and in such 
a case the pump will be useless. In order therefore that the 
pump may work in all states of the atmosphere, BC must be 
less than the lower limit of the water barometric column, that 
is, must be less than 32 feet. If BC be less, but AC more, 
than the water barometric column, the water will only in part 
All the barrel, and the discharge of water during the ascent of 
the piston will not be continuous. 

112. The forcing pump. — The construction of the forcing 
pump is represented in the accompanying 
figure. 

D is a piston with no valve, working in a p 
barrel AB; BC is a pipe descending to the 
water; EF a tube leading upwards from B; 
at B and E are valves opening upwards. 

If the piston be raised from B to A, then, 
as in the common pump, the air in BC will 
press open the valve at B and fill the barrel, (t 
and the w^ater will rise to a certain height 
in BC. As the piston descends, the air in 
the barrel will be forced out through the 
valve at E ; after a certain number of ascents 
the water will, if BC be less than 32 feet, 
pass into the barrel AB; and, upon its next 
descent, the piston will force the water in 
the barrel through the valve E into the pipe 
EF. As the piston continues to rise, more 
water will pass into the barrel, and this in its 
turn will be forced, by the descent of the 
piston, tnto the pipe EF. 

113. The double-barrel air pump.— AB and CD are two 
cylindrical barrels connected together by the pipe AC, and 
communicating by means of another pipe with an air-tight 
receiver R. M and N are pistons furnished with valves open- 




D 



B 



ON ATMOSPHERIO PBESSURE. 



93 



iug upwards, and are worked by the toothed wheel 0, so that 
when M descends N will ascend, an4 vice versd. At A and C 
are valves opening upwards. 

Let M be at A, and N at D, and the wheel be turned so 
that N may descend and M ascend. As N descends the valve 
at C will close, and the air in the barrel CD will pass out 
through the valve in N. As M ascends, the pressure of the 
external air will close the valve in M ; and the pressure being 
removed from the upper side 
of the valve A, the air in the 
receiver will in consequence 
of its expansive force press 
open the valve and fill the 
barrel AB. The air origi- 
nally in the receiver now oc- 
cupying a larger space, viz., 
the receiver and barrel to- 
gether, will be of diminished 
density. 

If the wheel be again 
turned a similar process will 
take place, and the air in 
the receiver will again ex- 
pand, so as to fill both re- 
ceiver and barrel, and a 
second diminution of density 
will consequently take place. 

The process may be continued so long as the air in the 
receiver can by its expansive force press open the valves at A 
or C ; but since the expansive force of the air is diminished 
with the diminution of its density, the action of the pump 
must, after a certain number of strokes, entirely cease. 

114. The single-barrel air pump. — This air pump con- 
sists of a single barrel AB, communicating with an air-tight 
receiver by the pipe C. 

The piston passes through an air-tight collar in the plate 
BD. At B is 8 valve opening upwards. 

The process of exhaustion is precisely similar to that de- 
flcribed in Art. 113. 

The effect of the valve at B is to relieve the piston from the 
pressure of the atmosphere during a part of its ascent. For 
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if the air in 6M be of less density than atmospheric air, the 
pressure of the atmosph^ m\\ press down the 
valve at B, and will keep it closed until the 
piston by its ascent has so compressed the air in BJ-T-i- 
BM, that its density has become greater than 
that of atmospheric air. 

The plate BD with its valve opening upwards 
is not peculiar to the single-barrel air pump, but 
may, if required, be adopted in a double-barrel ltJL- 
air pump. In fact, it is used in the more care- M 
fully constructed double-barrel pumps. 




EXAMPLES. 

1. What is the atmospheric pressure per inch when the 
barometer stands at 30 inches? Ans. 14 lbs. 12 oz. 

2. What change in the atmospheric pressure will be denoted 
by a change of i inch in the height of the barometric column t 

Ans. 7^oz. 

3. If a barometer be formed of a liquid whose sp. gr. is 7 '5, 
at what height will it stand when a quicksilver barometer stands 
at 30 inchest Ans. 54-4 in. 

4. Will the siphon act if the shorter leg be inserted into 
a closed vessel 1 

5. What is the greatest available length of the shorter leg 
of a siphon used for drawing off water, the barometer standing 
at 30 inches 1 Ans. 34 ft 

6. What is the greatest available length of the shorter leg 
of a siphon used for drawing off a liquid whose sp. gr. is 2*5 ; 
the barometer standing at 29^ inches) Ans. 13*37 ^^* 

7. If the spout of a common pump be 15 feet above the 
surface of the water to be raised, and the area of the piston be 
10 square inches, what power will be required to work the 
pump, the handle being a lever whose longer arm is 30 inches, 
and shorter 3 inches ? Ans. 6 lbs. 8^ oz. 

8. If the spout of a common pump used for raising a liquid 
whose sp. gr. is 1*2 be 14 feet above the surface of the liquid, 
and the area of the piston be 8 square inches, what power will 
be required to work the pump, the handle being a lever whose 
longer arm is 3 feet and shorter 3 inches 1 Ans. 4 lbs. 13^^ oz. 

9. Find the sp. gr. of the heaviest liquid that can be drawn 
off by a siphon whose shortest leg is 54*4 inches, the barometer 
standing at 30 inches. Ans. 7*5. 
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CHAPTER VIIL 

ON LIGHT. 

115. Light is the name by which we describe the cause 
which produces the sensation of vision. Respecting its nature 
and mode of action nothing is certainly known. Dififerept 
theories have been proposed with the view of explaining the 
various phsenomena of light, but success in these attempts has 
hitherto been but partial. 

116. A self-luminous body is one which by itself excites the 
sensation of vision. Bodies not self-luminous may excite the 
sensation of vision, but can do so only when some self-luminous 
body is present ; such bodies simply transmit light which has 
originated elsewhere. 

117. Medinin. Transparency Any portion of space through 

which light is propagated is called a medium, whether the space 
be occupied by any body or not Bodies through which light 
can be propagated are called transparent ; those which entirely 
intercept it are called opaque. Strictly speaking, these terms 
do not distinguish dififerent bodies from each other, but express 
qualities which, to a greater or less degree, belong alike to all 
bodies. There is no known substance so transparent as not to 
intercept some portion of light, nor, on the other hand, is any 
substance so opaque as not to transmit some light. 

118. Propagation of light in straight lines. — Experience 
teaches us that light, unless acted upon by some external cause, 
is propagated in straight lines. If, for instance, we take a 
hollow tube, and there be present no cause capable of changing 
the direction of light, we find that we can see through the tube 
only when straight lines can be drawn along it. If the tube be 
so bent that no straight line can be drawn along it, we cannot 
see through it. 
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119. Eay. Pencil. Focus. — ^A ray of light is the smallest 
conceivable portion of light, and is represented by the straight 
line along which it is supposed to be propagated. A collection 
of rays is called a pencil of light. A parallel pencil is one 
whose component rays are all parallel to each other, a converg- 
ing pencil one in which the rays all proceed to a single point, 
and a diverging pencil one in which they all proceed from a 
single point. The point to or from which the rays proceed is 
called the/ociM of the pencil. 

120. Eefleotion and refraction. — When light falls upon 
the surface of any body, one portion, greater or less, is turned 
back into the medium whence it came, or, as it is termed, 
reflected; another portion, greater or less, is transmitted through 
the new medium, and undergoes a change in its direction, 
termed refraction; while a third portion, greater or less, is 
absorbed by the new medium. 

121. Angle of incidence. Angle of reflection. Angle of 
refraction. — When a ray of light falls upon any surface, the 
angle which it makes with the perpendicular to the surface at 
the point of incidence is termed the angle of incidence; the 
angle which the reflected ray makes with the same perpendicular 
is termed the angle of reflection; and, similarly, the angle 
which the refracted ray makes with this perpendicular is termed 
the angle of refraction, 

N.6. The perpendicular to the surface is sometimes called 
the normal 

122. Laws of reflection. — First: The reflected ray lies in the 
same plane with the incident ray and the normal at the point of 
incidence. Secondly : The angle of reflection is equal to the 
angle of incidence. 

Thus, if AO be a ray of light 
incident upon the reflecting sur- 
face MN, and if OB be the re- 
flected ray, and OP the normal, 
then will OB lie in the same 
plane with AO and OP, and the 
angle BOP be equal to the angle ivT 
AOR 




123. If a diverging pencil of light fall upon a plane reflect- 
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tng surface, the focus of the reflected pencil will be at the same 
distance from the surface as that of the incident pencil, but on 
the opposite side of it. 

Let P be the focus of the incident pencil, and AC a section 
of the reflecting surface. Draw 
FN perpendicular to AC, and 
make />N = PN. Let PA be any 
incident ray, join pA, then shall 
pA produced, or AD, be the 
direction of the reflected ray. 
For, by the construction, the 
triangles pNA, PNA are equal, 
and therefore the angle A;?N = 
the angle APN. But if AM be 
the perpendicular to the surface 
at A, then AM and Pp being parallel, the angle DAM = the 
angle ApN, and the angle PAM = the angle APN. Therefore 
the angle DAM = the angle PAM, or AD is the direction of 
the reflected ray. In a similar manner it may be shewn, that 
all the reflected rays will proceed jfrora p, and therefore p is the 
focus of the reflected pencil. 

124. Images. — From every point in a luminous body, whether 
self-luminous or illuminated, light is propagated in all possible 
directions. If, then, light from such a body fall upon any 
reflecting surface, or be transmitted through any refracting 
medium, each point may be regarded as the focus of an incident 
pencil. For every incident pencil there will then be a reflected 
or refracted pencil, each with its own focus. This set of points, 
made up of the foci of the reflected or refracted pencils, is 
termed the image of the luminous body. When the reflected 
or refracted rays actually pass through these points, the image 
is called real ; but when they do not so pass, the image is called 
virtual, 

125. Positian and magnitude of the image formed by a 
plane mirror. 

Let PQ be the given object, and AB a section of the reflect- 
ing surface. Draw Pp perpendicular to AB, and make pA = PA. 
Then (Art 123) p is the focus of the reflected pencil, for all 
the light falling upon the surface from P. Similarly, if (^q be 
perpendicular to AB, and qB be equal to QB, q will be the 
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focus of the reflected pencil for all the light incident from Q. 

In like manner, for every incident 

pencil proceeding from points lying 

between P and Q, the focus of the 

reflected pencil will lie between p ^^ 

and q. Hence, the image pq will be 

of the same size and shape as the 

object PQ. The image in this case 

is virtual, and is situated behind the 

surface in such a way that each point 

in it is at the same distance from the 

surface as the corresponding point in the object. 

126. Limits of the visibility of an image formed by a 
plane mirror. — In many respects there is no diflerence, as to 
the effect upon vision, between an optical image and a luminous 
object occupying the same position. There is, however, this 
difference, that whereas a luminous object sends off light in 
every direction, an image sends off light in some directions 
only, limited by the magnitude of the mirror. In fact, the 
image is seen or not seen by an eye in front of the mirror, 
when a luminous object of the same size and shape, and occu- 
pying the same position, would be seen or not seen if the 
mirror were an opening in an opaque screen. 

Let pq be the image of PQ 
formed by the mirror MN. 
Draw pM and ^N and produce 
to A and B. Also draw ^M 
and 7>N and produce to C and 

D. Then, if MN were an — — 

opening in the opaque screen P%^ ^ 

XY, and pq a luminous object, \ ^\^ / 

\ V 



I 



.—-J 




/ 



pq would be wholly visible to 
an observer stationed anywhere 
between the lines MA and NB ; 
would be invisible to one be- 
yond MC or ND, and would 
be partly visible to one between 
MA and MC, or between NB 
and ND. These, then, are the 
limits within which the image pq is either wholly or partially 
visible. 
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127. Path of the visual pencils, when an object is viewed 
in a plane mirror. — From each point in any visible object a 
small pencil of light is received by the eye. The size of this 
pencil is limited by the size of the pupil, or the opening in the 
eye through which light enters. In like manner, when the eye 
views the image formed by a plane mirror, a small pencil enters 
the eye for each point in the image. 

Thus, let pq be the image of the object PQ formed by the 
plane mirror MN. Let 
EF be the pupil of the j?, 
eye of the observer. 
Draw ;?E and pY inter- 
secting the mirror in A 
and B, then AE and BF ' 
will be the extreme rays 
of the pencil which en- 
ters the eye for the point 
p. But p is the image 
of P, and therefbre the 
rays AE and BF came originally from P. Hence, drawing PA 
and PB, we obtain the complete path of the pencil which pro- 
ceeds from P to the mirror, and thence to the eye, producing 
in the mind of the observer the impression of a luminous spot 
at p. In like manner, drawing gE and ^F intersecting the 
mirror in C and D, and QC, QD, we have the path of the visual 
pencil from Q to the eye, or that by which the point q is seen. 
In a similar way the visual pencil for any other point may be 
obtained. 

It will be seen, that for an eye in the position represented in 
the figure, the only part of the min*or concerned in producing 
vision is the part AD. The rest of the mirror might be re- 
moved without aflfecting the clearness of the vision. It will be 
seen also, that, for an eye in a different position, the part of 
the mirror concerned in producing vision will be different. 

128. Continued reflections at plane mirrors. The endless 
gallery. — If an object be placed between two mirrors, the 
image formed by one mirror ^may be regarded as an object to 
the other mirror; and if so situated that the light reflected 
from the first mirror falls upon the second, then a second image 
will be formed by the second mirror. Under like circumstances, 
this image will prove an object to the first mirror, a third 
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imaije be formed, and so on, as long as the light from the 
image formed by one mirror falls upon the other mirror. 

When the two mirrors are parallel, this process may be con- 
tinued without any limit, and it gives rise to what is termed 
the endless gallery. 
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Thus, let M and N be two mirrors whose planes are parallel, 
and P any object placed between them. Let Q be the image of 
P formed by the mirror M ; this will be as far behind M as P 
is in front of it. Since light from Q can fall upon the mirror 
N, an image of Q will be formed as far behind N as Q is in 
front of it. Let R be this image ; then, since light from R can 
fall upon the mirror M, an image of R will be formed as far 
behind M as R is in front of it. Let S be this image, and then, 
proceeding as before, we shall obtain an endless succession of 
images. 

Again, let Q' be the image of P formed by the mirror N ; 
then, proceeding as before, we obtain another series of images, 
Q', R', S', and so on. 

N.B. It is convenient to mark off on each side of the mirrors 
a series of distances, each equal to the distance between the 
mirrors. It will be found that one image will fall in each of 
the divisions so obtained. 

129. The Kaleidoscope. — When the two mirrors are not 
parallel, the number of images of any object placed between 
the mirrors is limited, and is dependept upon the angle at 
which the mirrors are inclined : the smaller the angle the 
greater is the number of images. If the angle between the 
mirrors is an aliquot part of 360°, say the n*** part, then the 
number of images is n— i. Thus, for example, let M and N 
be the two plane mirrors, inclined at an angle of 60°, or i — 6th 
part of 360°. Let the mirrors meet in 0. Through draw 
OA, OB, OC, OD, so that the angles MOA, AOB, BOC, COD 
shall each be equal to 60°, then DON also is equal to 6o^ 
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Let Q be the iinasce of P formed by the mirror M. Since Q 
is in front of the mir- 
ror N, an image of Q "^ P V 
will be formed at an \ ^1 / 
equal distance behind ^w \'' jT ^\\ 
N. Let R be this X'\^ /\ 
image ; then, since R / \ / ^^^ j:^ 
is in front of the mir- / \o/ Q'^"^y^ 

ror M, an image of R ^ | \^ j q 

will be formed at an \ / '^. ^/ ) 

equal distance behind \ r' / \ t'^ 

M. Let S be this \x /g/ \ / 

image ; but as S is /^\/ "^ \y^ 

not in front of the /""'/ '^^^ 

mirror N, no image g'' 

of S will be formed. ^ c 

Again, let Q' be the image of P formed by the mirror N ; 
then, as Q' is in front of the mirror M, an image of Q' will be 
formed at an equal distance behind M. Let R' be this image ; 
then, since R' is in front of the mirror N, an image of R' will 
be formed at an equal distance behind N. Let S' be this image ; 
but S' is behind the mirror M, and therefore no image of S' 
will be formed. 

It will be seen, from an examination of the tigure, that the 
image S' must coincide exactly in position with the image S, 
and hence will form but one imaga The total number of 
images is in this case five. In like manner it may be seen, that 
if the mirrors had been inclined at an angle of 45°, or i - 8th 
of 360°, the total number of images would have been 8 — i, or 7. 



130. Small Pencils. Direct Pencils. Axes of Pencils. — 
A diverging pencil of light falling upon a plane reflecting or 
refracting suiface is said to be small, when the angle between 
its extreme rays is smalL A pencil of light, whether parallel 
or converging, falling upon a spherical reflecting or refracting 
surface, is said to be small, when the angle between its extreme 
rays is small ; and also the area of a section of the pencil at 
the surface is small, when compared with the area of the entire 
sphere of which the surface forms a part. A pencil is said to 
be direct, when one of its rays is a normal to the surface upon 
which it falls. This ray is termed the axis of the pencil. 
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131. Oeometrical focns. — When the reflecting surface is 
plane, all the rays of the reflected pencil, as already seen, 
diverge accurately from a single point. When the reflecting 
surface is spherical, the reflected rays do not in any case all 
proceed either to or from a single point. If, however, the in- 
cident pencil be small, the rays of the reflected pencil converge 
to, or diverge from a point so nearly, that their distance from 
it is inappreciable, and this point is regarded as a focus, and is 
called the geometrical focus of the reflected pencil. 

132. Principal focns, and focal length of mirror. — If a 
small pencil of parallel rays fall directly upon a spherical 
mirror, the focus of the re- 
flected pencil is called a 
principal focus of the mirror. 
Thus, let XA, ZC, YB, be a 
parallel pencil falling upon the ^ 
concave or convex spherical 
mirror AB. Let F be the 
focus of the reflected 'pencil ; 
F is a principal focus of the 
mirror. Let ZC, the ray which 
passes through 0, the centre 
of the spherical surface, be 
the axis of the pencil. The ^ 
point F will lie in the axis at 
a distance midway between 
and the mirror. The dis- 
tance of F from the mirror is 
called the focal length of the mirror. Hence, the focal length 
of any spherical mirror is equal to half the radius of the surface. 

It will be ^eeu from the figures, that if F be the focus of an 
incident pencil, the reflected pencil will be parallel. 

133. To find the focus of the reflected pencil, when a small 
diverging pencil is incident directly upon a spherical mirror. 

Let w = the distance from the mirror of the focus of the 
incident pencil, i; = the distance from the mirror of the focus 
of the reflected pencil, and /= the focal length of the mirror. 
Then the focus of the reflected pencil lies in the axis of the 
incident pencil, at a point whose distance from the mirror 
is determined by the following formula : — 

I _ I _ I 

IT "7 T* 
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in using which, distances measured on the side of the mirror 
opposite to that on which the focus of the incident pencil falls 
are to be reckoned negative. 

Ex, 1. The focus of a small pencil of light falling directly 
upon a concave spherical reflector, whose focal length is 5 
inches, is at a point 12 inches from the mirror, to find the 
distance from the mirror of the focus of the reflected pencil. 

Here «= 12, and /=5; also / is positive, being measured 
on the same side of the mirror as u, 

v 5 12 60' 
60 „ 

Ex, 2. The focal length of a concave spherical reflector is 6 
inches, the focus of a small pencil incident directly is 5 inches 
from the mirror, to find the focus of the reflected pencil 

Proceeding as before, we have 

I i^ j^ _ j_ 

T "" "6 "" 5 ~ "" 30' 
v = -30; 
or the focus of the reflected pencil is at a distance 30 inches 
behind the mirror. 

Ex, 3. The focal length of a convex spherical reflector is 8 
inches, the focus of a small pencil incident directly is 4 inches 
from the mirror, to find the focus of the reflected pencil. 

Since the surface is convex, the focal length is not measured 
on the same side of the mirror as «/, and consequently must be 
taken negatively ; for / therefore we must write — 8. Hence, 

J i_i. _3 

V " 8 4 ~ "8' 

8 

V = = - 2i 

3 

or the focus of the reflected pencil will be 2f inches behind 

the mirror. 

From the formula just given are obtained the following 
general results : 

When the mirror is concave (or / positive), if w be greater 
than 2/, V is positive, and between 2/ and /, if w be between 
2/ and /, V is positive, and is greater than 2/; and if u be less 
than /, V is negative, and greater than w. That is to say, if a 
small diverging pencil fall directly upon a concave mirror from 
a point beyond the centre, it will be reflected to a point between 
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the centre and ^a principal focus ; if it proceed from a point 
between the centre and a principal focus, it will be reflected to 
a point beyond the centre ; and if it proceed from a point 
between a principal focus and the mirror, it will be reflected 
from a more distant point behind the mirror. In the first and 
second cases the reflected pencil is converging ; in the third 
case it is diverging, but less diverging than the incident penciL 

When the mirror is convex (or / negative) v is always negative, 
and less than u. That is to say, if a small diverging pencil fall 
directly upon a convex mirror, it is reflected from a less distant 
point behind the mirror. The reflected pencil is therefore 
diverging, and more diverging than the incident pencil. 

Hence the general eflfect of a concave mirror upon a diverging 
pencil is to diminish its divergency, of a convex mirror to 
increase it 



134. Images formed by spherical mirrors when the pencils 
of light are small and direct. 

For greater simplicity we shall suppose the object to be either 
the arc of a circle concentric with the mirror, or so small as not 
sensibly to diflor from such an arc. In such a case all the 
points in the object are equally distant from the mirror, and 
therefore the foci of all the reflected pencils will be also 
equally distant from the mirror. 

First : Let the mirror be concave, and the distance of the 
object be greater than 2/. By the preceding article the distance 
of the focus of each reflected pencil will be between / and 2/ 

Let AB be a section of the mirror, C the centre of the 
spherical siirface, and 
PQ the object. Draw 
the line PC ; this will 
be the axis of the 
pencil which proceeds 
from P. The focus of 
the reflected pencil 
will be in this line, at 
a distance from the 
mirror greater than /, 
but less than 2/; let 
p be this focus. Again draw QC, and take q\, equal to />B, 
then the small pencil proceeding from Q, will be reflected to q. 
In like manner, for all pencils proceeding from points in the 
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object between P and Q, the foci of the reflected pencils will 
lie between p and q ; pq therefore is the image of PQ. In this 
case the image is real, inverted, and diminished. 

Secondly : Let the mirror be concave, and the distance of the 
object be less than 2/, but greater than /. Let pq in the pre- 
ceding figure be the object, then it is plain that PQ will be the 
image. Hence, in this case, the image is real, inverted, and 
magnified. 

Thirdly : Let the mirror be concave, and the distance of the 
object less than /. Then, according to the preceding article, 



\ 

-V- 
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each incident pencil will be reflected from a more distant point 
behind the mirror. Hence, as before, draw the line PC, the 
axis of the pencil, from P. The focus of the reflected pencil 
will lie in PC produced, say, at p. In like manner the pencil 
proceeding from Q will be reflected from q, and the ima^e pq 
will be in the position represented in the tigure. In this case 
the image is vertical, erect, and magnified. 

Fourthly : Let the mirror be convex. If in the last figure 
pq denote the object, then the mirror AB is convex, and PQ 
will be the image. Hence in all cases with a convex mirror the 
image falls between the mirror and a principal focus, and is 
erect, vertical, and diminished. 

N.B. The relative magnitudes of the image and object are 
not only as their distances from the centre, they are also as 
their distances from the mirror. 

Ex. 1. The focal length of a concave spherical mirror is 5 
inches, to find the nature, position, and magnitude of the image 
of a small object placed 30 inches from the mirror. 
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The object being small, each point is supposed to lie at the 
same distance from the mirror, namely, 30 inches. Hence^ to 
find the distance of image from mirror, we have 

I I I I 

IT ~ "5" ■" 30" 6' 
or V = 6. 

Therefore v being positive, the image is real and inverted. It 
is 6 in. from the mirror, and consequently is diminished in pro- 
portion of 6 to 30, or I to 5. 

Ex, 2. With the same mirror, to find the nature, position, 
and magnitude of the image, when the object is 4 inches from 
the mirror. In this case, 

III I 

t; ~ 5 4 " 20' 
or v= —20. 

The image is. therefore behind the mirror, and is virtual and 
erect. It is 20 inches from the mirror, aud therefore is magni- 
fied in the proportion of 20 to 4, or 5 to i. 

Ex. 3. The focal length of a convex spherical mirror is 6 
inches, find the nature, position, and magnitude of the image, 
when the object is 3 inches from the mirror. 

In this case the focal length is negative, therefore, 

I _ I I I 

t; ~" 6 3 " 2 ' 
or v= —2, 

The image is therefore behind the mirror, and is virtual, and 
erect. It is 2 inches from the mirror, and therefore is dimin- 
ished in proportion of 2 to 3. 

EXAMPLES. 

1. The focal length of a concave mirror is 10 inches, what is 
the magnitude of the image of a small object 30 inches from 
the mirror 1 Ans. one-half the object. 

2. The focal length of a convex mirror is 8 inches, what is 
the position of the image of a small object 12 inches from the 
mirror ? Ans. 4^ inches behind the mirror. 

3. Shew that the linear magnitudes of the image and object 
are as their respective distances from the mirror, 

4. At what distance from a concave mirror must an object 
be placed that the image may be exactly one-half the object ? 

Ans. 3/. 



ON LIGHT. 



107 



5. At what distance from a concave mirror must an object 
be placed that the image may be double the object f « 3/ 

2 * 

6. At what distance from a convex mirror must an object 
be placed that the image may be half the object 1 Ans. /. 

7. At what distance from a concave mirror must an object 
be placed that the image may be n times the object f 

n 

8. At what distance from a convex mirror must an object be 
placed that the image may be i-n^ of the object 1 

Ans. (n — i)/ 

135. Laws of refraction. — First The refracted ray lies in 
the same plane with the incident ray and the normal at the 
point of incidence. Secondly. If points be taken in the in- 
cident and refracted rays, equally distant from the point of 
incidence, and from these points perpendiculars be drawn to 
the normal at the point of incidence, the ratio of these perpen- 
diculars is constant for any given medium. 

This ratio is called the refractive index, and is commonly 
represented by the letter m. 

Let RC be a ray incident 
upon AB the su^ace of a 
refracting medium, and OS 
its path after refraction. 
Let R and S be equi-distant 
from and NN', the normal 
through C. Then, if RN and 
SN' be drawn perpendicular 
to NN', the ratio of RN to 
SN' is the same for all 
angles of incidence whatso- 
ever, and if m be the refrac- 
tive index, 

RN 




SN' 



w, or RN = w . SN'. 



136. When light passes from a rarer into a denser medium, 
the value of m is greater than unity, and consequently the 
angle of refraction is less than the angle of incidence. When 
light passes from a denser into a rarer medium, m is less than 
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unity, aud the angle of refraction greater than the angle of 
incidence. Hence, by refraction, a ray of light is bent towards 
the perpendicular when passing into a denser medium, and 
from the perpendicular when passing into a rarer medium. 

Between atmospheric air and plate or crown glass, m = f 
nearly ; between atmospheric air and water m = ^. When the 
light passes from glass or water into air, the refractive indices 
are the reciprocals of the values just given, and are therefore 
f and f respectively. 

137. To trace the path of the refracted ray when a ray of light 
is incident upon the surface of a given ref rooting medium. 

Let AB be the given surface, and m the refractive index. 
Let RC be the incident ray. ! 

Through C draw the normal . K-, 

NN'. With C as a centre, /'' mJ ■ -^o<h 

and any distance - CR as a / I jt \ 

radius, describe a circle. Draw / ,' ^ \ 

RN perpendicular to NN', and L ' ^ ^'^ ' ^ 

take CD of such a length that j 
RN = m.CD.* Through D 
draw DS parallel to CN', then 
CS is the path of the re- 
fracted ray. For draw SN' 
perpendicular to CN', then 
SN' = CD, and, consequently, RN=m.SN', which is the rela- 
tion between RN aud SN' required by the law of refraction. 

138. Critical angle. Total reflection. — It has been seen 
that when a ray of light passes from a denser into a rarer 
medium, the angle of refraction is greater than the angle of 
incidence. Hence, as the greatest possible value of the angle 
of refraction is 90°, it follows that the greatest possible value 
of the angle of incidence will be less than 90^ This angle is 
called the critical angle. It is the angle of incidence when the 
angle of refraction is 90°, that is, when the refracted ray is 
parallel to the surface. 

Thus, for example, let the ray RC, when passing out of a 
dense refracting medium, be refracted along CS, parallel to the 
surface AB, then the angle RCN is the critical angle. 

* If the medium be glasa, CD must be taken so that EN ^=^ f CD, that is, 
CD must equal f of RN. Similarly, if the medium be water, CD must be 
taken equal to f of RN. 
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Since RON is the grea est angle at which refraction can 
take place for any ray within 
the medium, it follows that 
if a ray meet the siuface at 
an angle greater than the 
critical angle, as, for in- 
stance, KG, it cannot emerge, 
bnt is reflected by the sur- 
face, in accordance with the 
law of reflection ; and inas- 
much as in this case no 
portion of the light is re- 
fracted, the reflection is said 
to be total. 

The value of the critical angle for glass is about 4if °; for 
water, about 48^°. 

139. Befraction of small direct pencils at plane surfaces. 
— If a pencil of diverging rays fall upon a plane refracting sur- 
face, the refracted rays do not meet in any single point If, 
however, the pencil be small, the rays of the refracted pencil 
diverge from a point so nearly that their distance from it is in- 
appreciable. This point is the geometrical focus of the refracted 
pencil, and when the pencil is direct as well as small, its dis- 
tance from the surface is m times 
the distance of the focus of the in- 
cident pencil. When light passes 
from a rarer into a denser medium, 
m is greater than unity, and conse- 
quently in this case the focus of 
the refracted pencil is more distant 
from the surface than the focus of 
the incident pencil. When light 
passes from a denser into a rarer 
medium, m is less than unity, and 
consequently the focus of the re- 
fracted pencil is nearer the surface 
than the focus of the incident pencil. 

Thus, if P be the focus of a small 
pencil of light falling directly upon 
the plane surface of a denser re- 
fracting medium, and PN be the ray which is perpendicular 
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to the surface, then the focus of the refracted pencil is at p, 
where j»N = m . PN. If the medium be water, m ia ^; hence, 
to an eye under water, a luminous point directly above it would 
seem to be more distant than it really is, by one -third of its 
distance from the surface. 

Again, let the light be pass- 
ing from a denser into a rarer 
medium. Then, if P be the 
focus of the incident pencil, p 
will be the focus of the refracted 
pencil, where, as before, j»N = 
w.PN, m, however, being now 
less than unity. If the medium 
be water, m = J. Hence, a lumi- 
nous point under water would 
appear to an eye outside directly 
above it, to be less distant than 
it really is, by one-fourth of its distance from the surface. 

140. Lenses.— Any portion of a refracting medium which 
has two opposite surfaces, either both spherical, or one spheri- 
cal and the other plane, is termed a lens. 

Lenses are of two classes, convex and concave. Convex 
lenses are those which are thickest at the centre. Concave 
lenses those which are thinnest at the centre. 

Of convex lenses, those which have both surfaces convex are 
called double convex lenses (fig. 1) ; those which have one 
surface spherical and the 
other plane are called 
plano-convex lenses (fig. 
2) ; and those which have 
one surface convex and 
the other concave (the 
radius of the concave surfaco being the greater) are called 
meniscus lenses (fig. 3). And, similarly, concave lenses are 
double concave when both surfaces are concave (fig. 4) ; plano- 
concave when one surface is spherical and the other plane (fig. 
5) ; convexo-concave when one surface is convex and the other 
concave, the radius of the convex surface being the greater 
(fig. 6). 
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the line joining the centres of the two surfaces when both are 
spherical ; but when one of the surfaces is a plane, is the per- 
pendicular to the plane through the centre of the spherical 
surface. When the thickness o( a lens is so small that it may 
be disregarded, the centre of the lens is the point where the 
axis meets the lens. 

As to thick lenses, if the lens is double convex, or double 
concave, with equal curvatures, the centre is that point m the 
axis which is midway between the two surfaces ; if the lens be 
plano-convex, or plano-concave, the centre is the point 'where 
the axis meets the curved surface. 

142. Oeneral effect of the two classes of lenses upon pencils 
of light. — It is the property of coTivex lenses of every form 
to diminish divergency, of concave lenses to increase it. A 
diverging pencil is therefore rendered less divergent by a convex 
lens, and may become convergent ; but by a concave lens it is 
rendered more diverging, and therefore can never become con- 
vergent. A parallel pencil is rendered convergent by a convex 
lens, but divergent by a concave lens. A converging pencil is 
rendered more convergent by a convex lens, but less conver- 
gent, and possibly parallel or divergent, by a concave lens. 
The general effect therefore of convex lenses is similar to that 
of concave mirrors, and of concave lenses to convex mirrors. 
It is important also to observe, that spherical lenses do not 
accurately refract large pencils of light. It is only when the 
incident pencil is small that the rays of emerging pencil meet 
approximately in a focus. In the following sections therefore 
the pencils of light are always supposed to be small.* 

143. Focus of lens. Focal length of lens. — If a small pencil 
of parallel rays be incident directly upon a lens, the focus of 
the emergent pencil is called the principal focus of the lens 
(sometimes simply the focus of the lens), and the distance of 
this point from the lens is called the focal length. From what 
has been stated in the preceding article, it follows that the 
focus of every convex lens is real, and that the focus of every 
concave lens is virtual. . 

* It should be particularly observed, that in all the diagrams the pencils 
drawn are necessarily large. It would not be possible to draw small pencils 
with any approach to accuracy, and at the same time preserve distinctness in 
the diagram. 
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The focal length of any convex lens may be easily found by 
experiment. First cover the lens, leaving a small aperture in 
the central portion. Then al- 
low the rays of the sun to fall 
upon the lens, and hold the 
lens in front of a screen, mov- 
ing it towards or from' the 
screen until the position is 
found in which a distinct image 
of the sun is formed upon the 
screen : the distance of the lens 
from the screen is its focal 
length. 

The focal length of a con- 
cave lens may be determined 
in the following way : — Take a 
convex lens, whose convexity is greater than the concavity of 
the given lens. The two together will then be equivalent to 
a convex lens, and the focal length of the combination may 
be experimentally determined as above. Then find the focal 
length of the single convex lens. The difference of the reciprocals 
of these two focal lengths will be the reciprocal of the focal length 
of the concave lens. For example, let the focal length of the 
convex lens be 2 inches, and that of the combination 5 inches. 
The difference of the reciprocals of these, or ^ — ^ is ^. The 
focal length of the concave lens is therefore ^^ or 3^ inches. 

144.* When the radii of the surfaces are known, and the 
refractive index, the focal length of a lens may be determined 
by the following formula ; — 




/-<"-) (7-7) 



Where /is the focal length, m the refractive index, r the radius 
of the first surface of the lens, and s the radius of the second 
surface, lines being considered positive' when on the same side 
of the lens as that whence the light proceeds, and negative 
when on the opposite. When the value of / is negative, the 
refracted rays pass to the focus, but when positive they proceed 
from it 

Ex. 1. To find the principal focus of a double convex glass 
lens, when the radii of both surfaces are equal Here w» = f 

* This may be omitted on a first reading. 
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8 = r. The radius of the first surface is negative, and that of 
the second positiye. Hence, 



f \2 ^J \ r r) r 



f 
f=-r. 

That is, the focus is negative, and the focal length of the 
lens is equal to the radius of either surface. 

JEx, 2. To find the principal focus of a plano-concave glass 
lens. 

Here, as before, m = f. The radius of the first surface is 
positive. The Becond surface, being plane, may be regarded as 
a sphere of infiuite radius. But if 8 be infinite 

- = o. Therefore, in this case. 



/ \2 '/ \r V 2r 



/ \ 2 J \r J 2r 

or the focal length is twice the radius of the concave surface. 

145. Fooiui of emergent pencil when a small pencil is 
incident upon a lens. — When a small pencil of light is incident 
upon a lens, the position of the focus of the emergent pencil is 
determined by the following formula : — 

III 

where /stands for the focal length of the lens, u for the distance 
of the focus of the incident pencil from the lens, and v for the 
distance of the focus of the emergent pencil from the lens. If 
the focus of the incident pencil be in the axis of the lens, the 
focus of the emergent pencil will also be in the axis. When 
the focus of the incident pencil does not lie in the axis of the 
lens, the focus of the emergent pencil will lie in the line 
joining the focus of the incident pencil with the centre of the 
lens. This, however, is applicable only to the cases in which 
the distance of^tli^e focus of the incident pencil from the axis is 
small when coihpared with its distance from the lens. Such 
cases are alone considered in the present chapter. Let P 

I 
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(fig. Art. 146) be the focus of a small pencil incident upon the 
lens A£, whose centre is at C, then py the focus of the emei^ent 
pencil, will lie in the line PC at a distance pQ, as determined 
by the formula given above. 

146. Images formed by convex lenses. — Let AB be the lens, 
whose focal length is 4 inches, and PQ the object^ whose dis- 
tance from the lens is 12 inches. 

Since the lens is convex, 
the focal length is negative 
(Art 143), therefore in this 
case /= —4, and for the 
pencil proceeding from any 
point in the object u will 
be 12, therefore by the for- 
mula 

i_^ I I I 

t;~ 4 12" 6 







t;= — 6. 



Hence, for the pencil proceeding from P, join PC, and in PC 
produced take pQ = 6, then p will be the focus of the refracted 
pencil Similarly, q will be the focus for the pencil proceeding 
from Q, and for all pencils proceeding from points between P 
and Q, the foci of the refracted pencils will lie between p and q. 
Therefore pq is the image of the object PQ. Since pq and PQ 
are similar arcs of different circles they are as the radii. There- 
fore the image : the object : : pc : "P^C; that is, as 6 : 12, or as 
1:2. The image, it will be seen, is inverted, and not being on 
the same side of the lens as the object, is real. 

By proceeding similarly with objects placed at different dis- 
tances from the lens, it will be found — 

1. That for objects placed at a greater distance than twice 
the focal length, the image is real, inverted, and diminished 

2. That for objects placed at twice the focal length, the image 
is real, inverted, and of the same size as the object. 

3. That for objects distant less than twice the focal length, 
but more than the focal length, the image is real, inverted, and 
magnified. 

4. That for objects distant less than the focal length, the 
image is virtual, erect, and magnified. 
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Let AB be the 
P 




147. Images formed by concave lenses, 
lens, and its focal length 
5 inches. Let PQ be the 
object, distant 8 inches 
from the lens. The lens 
being, concave, the focal 
length is positiye (Art 
143). Therefore, for de- 
termining the foci of the 
refracted pencil the for- 
mula gives, 

v 5 8 40' 

Hence, for the pencil proceeding from P, join PC, and take 
pC = 3^5^, then p is the focus of the refracted pencil. Similarly, 
q will be the focus for the pencil proceeding from Q, and for all 
pencils proceeding from points between P and Q, the foci of the 
refracted pencils will lie between p and q. Hence, the image 
pq is virtual, erect, and diminished, the image being to the 
object as 3-j^ to 8, or as 5 to 13. 

A similar result will be obtained whatever the dists^nce of 
the object from the lens. With concaye lenses the image is 
always virtual, erect, and diminished. • 

. 148. The use of lenses in correcting the defects of vision. 
The sensation of vision is produced by the light which enters 
the eye-ball through the small circular opening called the pupiL 
The size of this opening in the human eye varies somewhat, 
according to the intensity of the light, becoming greater or less 
as the light is less or more brilliant ; but at its greatest expan- 
sion is only about ith inch in diameter. It hence results, that 
of the pencils of light which enter the eye, those only will have 
any sensible divergency which proceed from points comparatively 
near to the eye — say, within a distance of 3 feet. Light coming 
from all points beyond this distance will enter the eye in pencils 
which do not sensibly differ from parallel pencils. In the case, 
then, of the majority of objects, we see by means of parallel 
pencils; but in the case of those objects which lie within range of 
about a yard, we see by means of diverging pencils. In its ordi- 
nary condition, the eye is suited to both these cases; it can see 

I 2 
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by means of parallel pencils, and also by those which have some 
sensible divergency, and possesses the power of passing at will 
frum the state in which it is suited to one kind of pencil to 
that in which it is suited to the other kind. The most common 
defect of vision is that which arises fi*om the want of this 
power of adaptation, so that the eye can see either by means of 
parallel pencils only, or by means of diverging pencils only. 
Tiie former is the defect termed long-sighted nessy and the latter, 
that termed near-sightedness. The long-sighted person can see 
distinctly when the object is sufficiently distant, that the 
pencils which reach his eye shall be sensibly parallel; but 
cannot see distinctly when it is so near that the pencils have a 
sensible divergency. The near-sighted person, on the other 
hand, can see distinctly when the object is near, and sends 
diverging pencils to the eye; but cannot see when it is so 
distant as to send parallel pencils. 

In order, therefore, that a long-sighted person may see a near 
object, the diverging pencils which proceed from it must be 
changed into parallel pencils. This, as seen in Art. 142, can bo 
done by aid of convex lenses, and these, accordingly, are the 
kind of glasses to be used. 

In order that a near-sighted person may see a distant object, 
the parallel pencils proceeding from it must be changed into 
diverging pencils. This can be done (Art. 142) by aid of 
concave lenses, and these, consequently, supply the remedy for 
this defect of vision. 

149. The use of lenses in enlai^ng the range of vision. 

Even with the most healthy eye the range of vision is limited. 
An object may be too near or too distant to be distinctly seen. 
In the former case the pencils are too divergent for the eye to 
deal with; and in the latter case, the light is too weak to excite 
the sensation of vision. Lenses are a convenient means of 
enlarging the range of vision, in both directions; and when so 
used, they form in the one case the microscope, and in the 
other the telescope. 

The apparent magnitude of any object depends upon its 
distance from the eye, the less the distance, the jzreater the 
apparent magnitude, and vice versa. A small object may, 
therefore, be magnified; that is, made to appear larger, by 
simply bringing it nearer to the eye ; and there would be no 
limit to the degree in which we could thus magnify, if we could 
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see distiuctly at all degrees of nearness. This, however, is not 
the case. With all persons there is a least distance of distinct 
vision. Ordiuariiy this is about 8 inches ; with long-sighted 
persons it is, as already seen, considerably more ; with near- 
sighted persons it is less, being about 4 or 5 inches only. 
When an object is nearer than the least distance of distinct 
vision, the pencils of light which reach the eye are too divergent 
for use. A lens that will sufficiently diminish this divergency, 
will enable us to see distinctly. Convex lenses alone diminish 
divergency ; these, therefore, are the kind of lenses to be used 
for this purpose, and when so used form what is termed a 
SIMPLE MICROSCOPE. In Other words, a simple microscope is a 
convex lens, used for seeing an object when nearer to the eye 
than the least distance of distinct vision; and the object 
appears magnified, not because any magnified image has been 
formed by the lens, but simply because it is seen at a less 
distance from the eye than ordinarily. The magnifying power 
of a simple microscope depends upon the degree of nearness at 
which it enables us to see distinctly. It also depends upon the 
least distance of distinct vision of the person who uses it. 
Thus, if the least distance of distinct vision be 8 inches, and 
the microscope enables us to see at ^ inch, the magnifying 
power is 8 ^ J, or 16. 

When a higher magnifying power is needed than that which 
can be conveniently obtained by a simple microscope, a combi- 
nation of lenses, forming a compound microscope, is used. The 
essential parts of this instrument are two convex lenses, one of 
which, called the object-glass^ is used for forming a magnified 
image of the object, and the other, called the eye-glass, is used 
for viewing this image at a distance from the eye, less than the 
least distance of distinct vision, and so still further increasing 
its apparent magnitude. 

Thus, let be the object-glass, and E the eye-glass. Let P 
be any small object placed a little farther from than its focal 
length, then 
(Art 146) a y^\\ \ a 

magnified im- y^TIl 1 "q (j J^ 

age will be gy t 

formed on the , 

opposite side of the lens. Let Q be this image. Then the 
eye-glass E being placed at the proper distance for distinct 
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vision, the object will be seen by an eye behind it, and will 
appear highly magnified. 

The Telescope, like the compound microscope, consists of an 
object-glass and an eye-glass. Optically considered, the two 
instruments differ only in the form and size of the object-glass. 
In the microscope the object-glass is small, and of small focal 
length. In the telescope the object-glass is large, and of lai^e 
focal length. This difference arises from the different uses of 
the object-glass in the two instruments. In the telescope, the 
use of the object-glass is not, as in the microscope, to form a 
magnified image of the object, but to form a bright image ; 
and in order to this, it is necessary that a large quantity of 
light should fall upon the object-glass from each point in the 
object : and it is cl^ar, that the larger the object-glass, the 
laiger is the quantity of light which falls upon it Moreover, 
the object-glass is not only large, but of large focal length. 
This is necessary in order that the pencils of light falling upon 
it may be \he more accurately refracted, and so produce a 
brighter image. The image, as in the microscope, is viewed by 
aid of the eye-glass. 

EXAMPLES. 

1. A convex lens of 6 inches focal length is combined wiia 
a concave lens; the focal length of the combination is 24 
inches, what is the focal length of the concave lens? 

An& 8 inches. 

2. A small pencil of light, proceeding from a point distant 30 
inches from a convex lens, is refracted to a point distant 6 
inches, determine the focal length of the lena 

Ans. 5 inches. 

3. Find the focal length of a glass meniscus, the radii of 
whose surfaces are 4 and 5 inches. Ans. 40 ini^hes. 

4. Find the focal length of a double concave glass lens, the 
radius of^ each surface l^ing 3 inches. Ans. 3 inches. 

5. Find the focal length of a double convex lens, formed of 
a substance whose refractive index is f , the radius of each 
surftice being 5 inches. Ans. 4^^ inches. 

6. If the radius of the spherical surface of a plano-concave 
lens be 6 inches, what must be the refractive index of the 
material of the lens, in order that its focal length may be 10 
inches ? Ans. f 
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7. If an object be placed lo inches from a convex lens, whose 
focal length is 6 inches, find the position of the image. 

Ans. 15 inches behind the lens. 

8. If an object be placed 10 inches from a convex lens, 
whose focal length is 1 2 inches, find the position of the image. 

Ans. 5 feet in front of the lens. 

9. How far in front of the convex lens, whose focal length is 
I inch, must an object be placed in order that the image may 
fall 6 inches behind the lens ? Ans. i^ in. 

10. How far from the concave lens, whose focal length is 3 
inches, must an object be placed in order that the image may 
be 2 inches from the lens ? Ans. 6 inches. 
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CHAPTER IX. 

ON THE NATURE OP SOUND. 

150. When the particles of an elastic body are suddenly 
displaced at any point, a peculiar motion termed vibration is 
communicated to all the particles of that body. The displaced 
particle oscillates or vibrates through small distances about its 
position of equilibrium, its excursions on either side gradually 
diminishing, and at length altogether ceasing. A similar 
vibratory movement is communicated to the other particles of 
the body. The velocity with which a vibration is transmitted 
from one point in the body to another is different in different 
bodies, and must carefully be distinguished from the absolute 
velocity of the particles themselves. 

An elastic body, in a state of vibration, may communicate a 
similar motion to the particles of another elastic body in con- 
tact with it. 

151. The sensation of sound produced by the vibration of 
an elastic body in contact with the ear. — If air be the medium 
in contact with the ear, as is most commonly the case, sound 
is produced by the vibrations of the air ; if water be the me- 
dium in contact with the ear, the vibrations of the water 
produce the sensation ; if an iron or glass rod, then the vibra- 
tions of the paiticles of the rod produce it. 

The vibratory motion which produces the sensation of aomul 
is either produced directly in the medium in contact with the 
ear, or is communicated to that medium by the vibration of 
another elastic body. When a bell is struck, a vibratory 
motion is given to the particles of the bell, and we hear the 
sound, because vibrations are thence communicated to the 
surrounding air, which is the medium in contact with our ear. 
If, however, the bell be so placed, that its vibrations cannot be 
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communicated to the air, no sound will be heard, however 
violently it may be rung. For instance, if the bell be sus- 
pended under the receiver of an air pump, and be made to ring, 
as rarefaction proceeds the sound becomes gradually weakened, 
and at length becomes inaudible. 

152. The velocity of 80iind.~The average velocity of the 
propagation of sound in atmospheric air is found by experiment 
to be about 1130 feet in a second. In water, the velocity of 
sound is 4900 feet in a second, and along a deal rod the velo- 
city is as great as 17,000 feet in a second. 

Increase of temperature increases the velocity of sound. 
According to the best experiments, the velocity of sound in air 
at 62° Fahrenheit is 11 25 feet in a second. Every increase or 
decrease of temperature of i® Fahrenheit causes a correspond- 
ing increase or decrease of 1*14 feet in the velocity of sound. 
Accordingly, the velocity of sound in air at the freezing point 
will be 1090 feet per second. 

The velocity of sound in a gas is found to be affected by a 
change in its chemical nature. According to experiments made 
by M. Dulong, the velocity of sound at the freezing point was, 
in 

Carbonic Acid 858 feet per second 

Protoxide of Nitrogen 859 „ „ 

Oxygen 1040 „ „ 

Carbonic Oxide 1105 „ ,, 

Hydrogen 4165 „ „ 

It will be hence seen that increase of density does not 
necessarily produce an increase in the velocity of sound. 
Carbonic Acid, which is more dense than atmospheric air, trans- 
mits sound with a less velocity ; while hydrogen, which is rarer 
than atmospheric air, transmits sound with a velocity nearly 
four times as great 

In any given medium, the velocity of propagation is in 
general found to be the same for all sounds, whatever their 
loudness or tone. In experiments made by M. Biot, several 
airs played on a flute, at one end of an iron tube 1040 yards 
in length, were distinctly heard by him at the other end, with- 
out any variation whatever ; and a case is recorded by Mr. 
Besant, in which the Hallelujah Chorus, played by a band on 
a fine and still evening, was heard, without any loss of har- 
mony, at a distance of two miles. As far as these experiments 
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go, they shew that the yelocity of different sounds in the same 
medium is the same, or at least does not sensibly vary. This, 
however, is not universally trua Recent experiments have 
shewn, that two sounds differing very greatly in intensity travel 
with sensibly different velocities, and that a very loud sound 
travels faster than a feeble one. 

153. Phsenomena explained by the velocity of sonnd. — It 
follows from what has been stated respecting the velocity of 
sound, that sounds, simultaneously produced at a series of 
points, will reach the ear in the same time, if the points are 
equidistant from the ear ; but at different times, if the points 
are at different distances. This furnishes an explanation of 
several phsenomena, such as, for instance, the crash and rolling 
of thunder. The velocity of lightning is so great, that the 
sounds produced at the various points of a flash may be regarded 
as simultaneously produced. If then the track of the lightning 
be across the line of the observer, so that its various points 
are equally distant, or nearly equally distant, from him, all 
the sound will reach his ear at the same, or nearly the same 
instant, and the result will be an explosive sound of great 
intensity. If, on the other hand, the path of the lightning 
is towards, or from the observer, then the different points in 
it being at different distances from him, the sound will reach 
him in different times, and consequently the sensation pro- 
duced will be that of a continuous or rolling sound. Sir John 
Herschel illustrates it thus : '' Conceive two equal flashes of 
lightning, each four miles long, both beginning at points equi- 
distant from the auditor; but the one running out in a 
straight line directly away from him, the other describing an 
arc of a circle, having him in its centre. The thunder may 
be regarded as originating at one and the same instant at every 
point of either flash; but it will reach the ear under very 
different circumstances in the two cases. In that of the circular 
flash, the sound from every point will arrive at the same instant, 
and affect the ear as a single explosion of stunning loudness. 
In that of the rectilinear flash, on the other hand, the sound 
from the nearest point will arive sooner than from those at a 
greater distance ; and those from different points will arrive in 
succession, occupying altogether a time equal to that required 
by sound to run over four miles, or about 20 seconds. Thus the 
same amount of sound is in the latter case distributed uniformly 
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over 20 seconds of time, which in the former arrives at a single 
burst ; of course it will have the effect of a long roar, diminish- 
ing in intensity as it comes from a greater and greater distance. 
If the flash be inclined in direction, the sound will reach the ear 
more compactly (t.e. in a shorter time from its commencement) 
and be proportionally more intense. If (as is almost always the 
case) the flash be zigzag, and composed of broken rectilinear 
and curvilinear portions, some concave, some convex to the ear; 
and if, especially, the principal trunk separates into many 
branches, each breaking its own way through the air, and each 
becoming a separate source of thunder, all the varieties of that 
awful sound are easily accounted for."* 

A similar explanation applies to the difference observed in 
the sound produced by the discharge of a long file of musketry 
when the hearer stands directly in front or behind the file, at 
some distance from it, and when he stands in a line with it. 
In the former case, the sound reaching him from all parts of 
the file at nearly the same instant, a sharp loud report is 
produced. In the latter case, the different parts of the file 
being at different distances, the sound produced is continuous, 
like that of a running fira 

154. ftnalities of sound. — Sounds are divided into two 
principal classes, viz., musical and non-musical sounds ; or, in 
other words, into notes and noises. If a series of vibrations, 
performed in equal times, strike upon the ear, a pleasing effect 
is produced, and the sound is distinguished as a musical sound 
or note; but when the vibrations are performed in unequal 
times, the impression made is less pleasing, and the sound is 
non-musical, or noise. 

Any two sounds of either class may differ from each other 
in the following respects; first, in intensity; secondly, in pitch; 
and thirdly, in timbre or that peculiarity by which the sounds 
produced by one instrument are distinguished £rom those pro- 
duced by another. 

155. Intensity of sound. — The intensity of sound regarded 
as a sensation is, like all other sensations, largely dependent 
upon the sensitiveness of the organ by which it is perceived. 
The ear of one person may be more sensitive to sound than 
that of another, and the ear of the same person may be more 

* Encydop. Metrop. Art. Sound, 39. 
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sensitive at one time than at another time. The consideration 
of this cause of variation in the intensity of sound belongs to 
the science of physiology. The following are those which &11 
within the province of acoustics. The intensity of sound 
depends, 

1st. Upon the greatest absolute velocity of the vibrating 
particles in the sounding body ; or, which amounts to the same 
thing,* upon the extent, or amplitudey as it is termed, of the 
vibrations. All other things being equal, the greater the 
absolute velocity of the particles, and consequently the greater 
,the amplitude of the vibrations, the greater is the intensity of 
the sound. This is shewn by common experience; for the 
harder any sounding body is struck, a drum or a bell, for 
instance, the louder is the sound produced. 

2ndly. Upon the distance of the hearer from the origin of 
the sound. The greater the distance the less the intensity of the 
sound. If the sound be transmitted through a mass of free air, 
that is, of air not confined by any pipe, or not bounded by any 
reflecting surface, the intensity of the sound varies inversely 
as the square of the distance. Thus, at double the distance, 
the intensity is one fourth, at treble the distance, it is one 
ninth, and so on. When, however, sound is transmitted 
through the air contained in a tube of small bore, the intensity 
of the sound is but very slightly diminished, even at great 
distances. In experiments made by M. Biot, upon a tube 1040 
yards in length, formed by the cast iron water pipes of Paris, 
the slightest whisper made at one end of the tube was dis- 
tinctly heard at the other. It is from this property of trans- 
mitting sounds that speaking tubes derive their value. 

3rdly. Upon the position of the hearer in relation to the 
original direction of the sound. When the hearer is in a line 
with the direction of original sound, the intensity is greater 
than when the sound is transmitted in a direction inclined to 

r 

this line. If a tuning fork be struck and held at a short dis- 
tance from the ear, and afterwards be turned round on its 
axis, the sound is perceptibly louder when the flat side is to- 
wards the ear than when the flat side is turned away from 
the ear. 

4thly. Upon the density of the atmosphere (or other medium) 
through which the sound is transmitted. We have already seen, 

* For dearly the greater the velocity impressed upon a particle, the 
greater the distance it will move from its position of rest. 
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that when a bell is placed under the receiver of an air pump, 
the intensity of the sound diminishes as the air in the receiver 
becomes more rare. On the top of high mountains, where the 
air is considerably rarified, it requires a great effort to be heard 
at a moderate distance, and the firing of a pistol produces only 
a comparatively slight report. On the other hand, in the 
condensed air of a diving bell, the ordinary effort in speaking 
produces sounds which are unpleasantly loud ; and in the 
experiments made at the lake of Geneva by M. CoUadon, in 
the year 1826, the sound of a bell struck under the water was 
distinctly heard across the whole breadth of the lake from 
Rolle to Thonon, a distance of about 9 miles. 

Sounds produced in oxygen and carbonic acid are more 
intense, and in hydrogen are more feeble, than those excited by 
the same cause in atmospheric air. Oxygen and carbonic acid are 
both denser, and hydrogen is much rarer, than atmospheric air. 

5thly. Upon the direction of the wind. Sounds which are 
inaudible when the wind blows away from the hearer, are often 
distinctly heard when the wind blows towards him. 

6thly. Upon the quantity of sound brought to the ear. If 
the sound which reaches the ear, at any instant, come from a 
large number of points, it will, other things being equal, be 
more intense than when it comes from a fewer number of 
points. Thus in the violin, the case, as well as the strings, is 
put into a state of vibration by the action of the bow, and in 
this way, the sound being originated at a large number of 
points, the sensation is proportionally intensified. The quantity 
of sound reaching the ear may also be increased by reflection ; 
a person speaking in a room is in general more distinctly heard 
than in the open air, the walls and ceiling of the room acting 
as reflectors of the sound. 

156. Pitch of mnsioal sounds. That difference in the quality 
of notes which is remarked, when some are termed high and 
others low, is shewn by experiment to depend upon the time of 
the vibrationa The higher the note, the greater the number 
of vibrations per second. Various contrivances have been 
employed for the purpose of learning the number of vibrations 
corresponding to any given note; of these, the two most im- 
portant are Savart's apparatus and the Siren. 

Savart's Apparatus consists of a toothed wheel A, supported 
in a strong frame, and connected by an endless band B passing 
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round its axle, with another wheel C, so that when the wheel 
C is set in motion by the handle D, the toothed wheel A can 




be made to revolve with great velocity. A piece of card^ or a 
thin elastic plate is placed at £, in such a way that each tooth 
in succession strikes against it, and causes it to vibrate There 
will, consequently, be as many vibrations of the card, during 
one revolution of the wheel A, as there are teeth in the wheel. 
An index at F records the number of times the wheel A has 
revolved. In order, then, to learn the number of vibrations 
corresponding to any particular note, we have but to put the 
wheel into motion until the desired note is attained, and then 
maintaining for awhile the same speed, we can observe by the 
index the number of revolutions of the toothed wheel during a 
second of time, and this, multiplied by the number of teeth, 
will give the number of vibrations required. . 

The Sibbn consists of a small metal cylinder A, bounded by 
two plane surfaces. The lower plate is pierced 
by a short pipe D, through which a current of 
air can be sent into the body of the instrument, 
either from the mouth or by means of bellows. 
The upper plate is pierced by a number of small 
holes equally distant from each other, and from 
the centre of the plate. Upon this plate rests 
another plate C, pierced by a corresponding 
number of holes, and moveable about a verticsd 
axis R The holes in both plates are made as 
shewn in the annexed figure, that is, not perpen- 
dicularly to the plates^ but inclined in opposite 
directions, so that when a current of air passes 
through the lower hole, it strikes against the sides of the upper 
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cue, and so puts into motion the plate C. Let us now sup- 
pose that the number of holes in each plate is b 
8. Each hole is successively opened and closed r r\ C 
8 times during one revolution of the plate C, pc^^^^SaF 
and as each opening and closing gives rise to ' 
a vibration, it might be hence supposed that there would be 
8 times 8, or 64 vibrations during one revolution. It must, 
however, be remembered that the 8 lioles are all open or all 
closed together, and that there are no more different openings 
and closings than if the moveable plate had only one hole. 
The efifect of the 8 holes in the upper plate is merely to increase 
the intensity of the sound. 

The upper part of the axis B is furnished with an endless 
screw, and this is connected with wheel- work contained in the 
box or chamber E E, so contrived that two pointers in the front 
shall indicate, the one the number of revolutions of C under a 
hundred, and the other the number of hundreds of revolutions. 
The total number of revolutions, as shewn by the pointers, 
multiplied by 8, the number of holes, will give the total number 
of vibrations during the period of observation. The inventor 
of this elegant instrument was M. Cagniard de Latour, and the 
name Siren was given to it because it emits sounds when placed 
under water, and a current of that fluid is forced through it. 

157. Natural or diatonic scale. — A succession of notes 
whose vibrations are in the ratios denoted by the following 
fractions : 

each successive seven, being the double of the preceding seven, 
forms what is termed the natural or diatonic scale. Each series 
of seven notes in this scale is represented either by the letters 
C, D, E, F, G, A, B, or by the syllables do, re, mi, fa, sol, la, si 
It has been agreed that the note which is produced by 435 
double vibrations, or 870 single vibrations per second, shall be 
the note which is represented by the middle A of the treble 
clef. Let A stand for this note, then the number of vibra- 
tions corresponding to the seven notes of the scale are as 

follows : 

do re mi fa sol la si 

C D E F G A B; 
relative No. of vibrations — ^ f f i f i V; 
absolute No. of vibrations — 261 294 326 348 392 435 489; 
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and if we represent the following seven by C*, D\ &c., we have 

«fo' re^ mi^ fa^ 8C^ la^ «' 

C* D> E^ F G^ A} W'y 
relative No. of vibrations — 2 |- f f 3 y y ; 
absolute No. of vibrations — 522 588 652 6^6 784 870 978. 

158. Octaves, fifths, fourths, &c. — If starting with any note, 
of the natural scale, we count onwards eight notes ; the eighth 
is called the octave of the first In like manner, if we count 
five notes, the last is called the ffth of the first; and so on for 
other similar terms. 

Thus C* is the octave of C, D^ the octave of D ; 
G „ fifth „ C, A „ fifth „ D; 
F „ fourth „ C, G „ fourth „ D. 

It will be seen, that in every case, if one note be the octave 
of another, the number of vibrations of the two notes are in 
the ratio of 2 to i. 

It will also be seen, that in the majority of cases, if one note 
be the fifth of another, the number of vibrations of the two 
notes are in the ratio of 3 to 2. When this is the case, the 
notes are said to form a. perfect fifth. Thus G : C, B : £, 
C* : F, D» : G, and E' : A are all perfect fifths ; A : D, the ratio 
of whose vibrations are j : f = f • f -^, differs so slightly from a 
perfect fifth, that it may be regarded as one. The remaining 
fifth F^ : B, whose vibrations are as f : y = f . f^ . |^, is called 
an imperfect fifth. 

With a like exception, if one note be the fourth of another, 
the numl)er of vibrations are in the ratio of 4 : 3. The excep- 
tions are B : F = ^ : |^ = ^ . fj . ff , which is an imperfect fourth, 
and D* : A = ^ : ^ = ^ . 1^, which does not sensibly differ from a 
perfect fourth. The ratios of seconds, thirds, sixths, and 
sevenths, are less uniform. 

N.B. — The ratio of the number of vibrations of one note to 
those of another is called in musical language the interval 
between the notes. An interval of |^ is the smallest recog- 
nised in music, and is called a comma, 

159. Sharps and flats. — If the number of the vibrations of 
a note is increased by 1-2 4th part (or multiplied by f-J), the 
note is said to be sharpened; if decreased by 1-2 5th part (or 
multiplied bv |4)».^* ^® ^^ ^ he flattened, A sharp is denoted 
by the sign ^, and a flat by the sign b. If the sharps and flats 
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of each note were introduced, it would give rise to a scale of 
2 1 notes. Some of these, however, differ so slightly, that they 
are, for convenience, commonly regarded as identical. Thus 
C» and D^ D« and E^ E and F^ E« and F, F» and G^ Gtt and 
A^^, A5 and B'^, B and C^^ B^ and C*, are treated as identical, 
and hence the scale is reduced to 12 notes ; namely, 

C SI D ?5 E F ^i G il A 11 B. 
This scale of notes is called the chromatic scale, 

160. Sonorous waves. — The length of a wave or undulation 
is the distance travelled by the sound in the time of a single 
vibration. Hence, the length of the wave corresponding to any 
note may be found by dividing the velocity of sound by the 
number of vibrations per second. Or if V be the velocity of 
sound, and N the number of vibrations, 

Hence the higher the note the shorter the wave ; and if the 
higher note be the octave of the lower, the length of its wave 
is exactly one-half that of the other ; if the higher note be the 
fifth of the other, the length of its wave is exactly or nearly 
two -thirds that of the other; and in like manner of other 
intervals. 

It follows also that the length of the wave of any note 
varies as the velocity of sound, and consequently is different in 
different media ; is, for instance, greater in air than in carbonic 
acid ; is nearly four times greater in hydrogen than in air ; and 
somewhat greater in water than in hydrogen. 

If we take the velocity of sound in air to be 11 25 feet per 
second, the length of the wave of the note denoted above by C 
is 4-31 feet, that of the C next below this (or Ci) is 8*62 feet, 
that of the C next below this (or C^) is 17*24 feet.* 

161. Soimcls produced by the vibration of air in pipes. — 
If the column of air contained in a pipe open at one or both 
ends be put into a state of vibration by any means, the result- 
ing note is found to vary with the length of the pipe, when 

* In some books the student will find the length of these waves given at 
half the numbers stated above. This arises from the fact that by the length 
of a wave is then meant the distance travelled by sound in the time of a 
semi or single vibration ; and not as above, of a complete or double vibration, 
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the vibrations are excited by the passage of a current of air 
over the open end ; they vary also with the velocity of that 
current. 

That in all cases the sound arises from the vibration of the 
air, and not of the substance of the pipe, is shewn by the fact 
that, all other things remaining the same, the note produced is 
the same in pitch, whatever the material of which the pipe is 
composed. 

The lowest note which can be sounded by any pipe is called 
the fundamental note of the pipe. 

The fundamental note of any pipe open at both ends is the 
note whose semi-wave is equal to the length of the pipe. 

The fundamental note of any pipe closed at one end is the 
note whose semi-wave is equal to twice the length of the pipe. 

Hence, if two pipes of equal length be the one open and the 
other closed, the fundamental note of the open pipe is an octave 
higher than the fundamental note of the closed pipe. 

Hence also, if the same pipe be sounded in different media, 
its fundamental note will be the higher in that medium in 
which sound travels with the greater velocity. 

If the number of vibrations of the fundamental note be 
represented by i, then the other notes, which can be sounded 
by an open pipe, are those whose vibrations are represented by 
the numbers 

12345 &C.j 

but if the pipe be closed, they are those which are represented 
by the numbers 

I 3 5 7 &a 

Thus, if C be the fundamental note of an open pipe, the 
notes which can be sounded by it are C, C*, G^, (?, E*, <fcc. 

162. Transverse vibrations of {Strings.— In an important 
class of musical instruments, the sounds are produced by the 
vibrations of tightly stretched cords, which are made to vibrate 
transversely, or in a direction perpendicular to their length. 

The fundamental laws of the vibrations of stretched cords 
are most conveniently illustrated by means of the monockord, 
which is the simplest possible of stringed instrumenta It con- 
sists of a metallic cord, fastened at one end A, and kept stretched 
by a weight P suspended &om the other end. The cord passes 
over two fixed bridges at B and C, and may be put into a state 
of vibration by the bow of a violin. D is a moveable bridge. 
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by means of which the length of the vibrating cord can be 
regulated. MN 

is a box of thin X^^ TJT 

wood, serving to ^ y\ 
increase the in- 
tensity of the 
sound. 

First. Let a 
given weight be 
placed at P, and find by trial the length of cord required to 
produce a given note, say the note C, it will be found that to 
yield the note D the length must be reduced to S-pths of its 
former length; to yield the note E it must be reduced to 
4-5ths ; and so on, the length being inversely as the number 
of vibrationa 

Secondly. Let the weight P be increased, the pitch of the 
note is found to be raised. If P be increased fourfold, the 
length of cord which formerly gave the note C will now give 
the note C^, or the number of vibrations is twice as great as 
before. If for P we put a weight equal to P x (|^)', we obtain 
the note G, or the number of vibrations is f times as great as 
before. If for P we put a weight equal to P x (^)*, we obtain 
the note F, or the number of vibrations is | times as great as 
before. And so in like manner for other notes. Hence, gene- 
rally, the number of vibrations is said to vary as the square 
root of the weight or tension in the cord. 

Thirdly. If another cord of the same material as before, 
but of a different diameter, then, the weight being unaltered, it 
is found that the thicker cord yields the lower note; if twice 
as thick, it yields an octave lower; if f times as thick, a fifth 
lower; and so on, whence it is seen that the number of vibra- 
tions is inversely as the diameter. 

Fourthly. If a cord of diflerent material be used, of the 
same thickness, and stretched by the same weight as in the 
first case, it is found that for a given length the pitch is lowered, 
if the density of the cord be greater than before, but raised if 
it be less thaii before, and the result of experiment shews that 
the number of vibrations varies inversely as the square root of 
the density. 

154. Echoes. — Sound, when it meets with any hard or elastic 
surface is reflected, and, as in the reflection of light, the angles 
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of incidence and reflection are equal, hence it may happen, 

that a sound meeting with one or more 

of such surfaces is reflected back to the 

point whence it originated. Thus, let 

be an origin of sound, and let ABC be 

portions of a spherical surface of which 

is the centre; then all the sound 

which reaches A, B, and C from is 

reflected back to 0, and, if the quantity of sound be sufficient, 

will be heard by a person placed at 0. It is in this way echoes 

are formed, an echo being sound heard by reflection. In order 

to the existence of an echo, three conditions are necessary : — 

1. That a sufficient quantity of sound be reflected to the ear 
to produce sensation. 

2. That all the sound reflected from diflerent points of the 
reflecting surface reaches the hearer at the same time. If part 
of the reflecting surface, C for instance, were more distant 
from than A, the sound falling on both surfaces might still 
be reflected to 0, but the sound from C would reach later 
than that from A, and the result would be a confused, and not 
a distinct sensation. 

3. That the interval between the origination of the sound 
and its return to the origin be sufficiently great to allow that 
the production of the sound should cease before any of the 
reflected sound reaches the hearer. If the space over which 
the sound travels in passing to and from the origin be consi- 
derable, time may be given for the utterance of a series of 
sounds before any of the reflected sound reaches the hearer; 
and, in such a case, several words may be uttered, and will be 
distinctly echoed. If the distance be short, there may be time 
for only a few syllables, or even for a single syllable. If the 
interval be so short as not to allow of the complete production 
of a sound before the reflection reaches the hearer, no distinct 
echo can of course be heard. 

It is not necessaiy that the reflecting surfaces A, B, C be 
accurately spherical ; for since a small portion of a spherical 
surface does not sensibly differ from a plane, a number of plane 
surfaces, situated at equal distances &om 0, may serve for the 
production of an echo. 
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EXAMPLES. 

1. A clap of thunder is beard 9 seconds after the lightning 
flash was seen, how far distant is the thunder cloud ? 

Ans. I m. 1615 yds. 

2. If the velocity of sound in any medium be 1200 at a 
temperature of 70°, and 1165 at 60°, what is the velocity at 
the freezing point ? Ans. 1067. 

3. Show that the interval between E and C^^ is the same as 
between D and B. 

4. Shew that the interval between E and G$ is a perfect 
third. 

5. The lowest note in a church organ is four octaves below 
C, what is the length of the open pipe which gives this note ? 

Ans. 34*48 feet. 

6. The highest note in an organ is B', what is the length of 
an open pipe which gives this note) Ans. 1*72 inches. 

7. If the length of a pipe whose fundamental note is E be 
20 inches, what is the length of the pipe whose fundamental 
note is A. Ans. 15 inches. 

8. If the fundamental note of a pipe in air be C, what note 
will most nearly represent its fundamental note in hydrogen, 
assuming that the velocity in hydrogen is 37 times the velo- 
city in air 1 Ans. A^tt. 

9. If a pipe, whose fundamental note in air is A, has D for its 
fundamental note in a certain medium, what is the velocity of 
sound in that medium ? 

Ans. 27 - 4oths of the velocity in air. 
, 10. Shew that the interval between D^ and C^ differs only 
from a perfect seventh by a comma. 

11. If a stretched cord, 2 feet in length, yield the note A, 
what length of the same cord will yield the note D, the ten- 
sion in both cases being the same ? Ans. 16^ inches. 

12. If a cord when stretched with a tension of 18 oz. yield 
the note D, with what tension must it be stretched in order 
that it may yield the note G ? Ans. 32 oz. 
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L If two forces, 20 and 15, act upon a point at an angle of 
6o°y what is the magnitude of their resultant) Ans. 30*4. 

2. If two forces, 10 and 12, act upon a point at an angle of 
45^, what is the magnitude of their resultant ? 

Ans. 20 '34 nearly. 

3. If two forces, 20 and 10, act upon a point at an angle of 
30°, what is the magnitude of their resultant ? 

Ans. 29*1 nearly. 

4. If a bar, whose length is 20 inches and weight 16 ounces, 
be used as a lever of the first kind, find the distance of the 
fulcrum from the weight, when a power 4 ounces sustains a 
weight 60 ounces. Ans. 3 inche& 

5. Find the pressure upon the surface of a globe 12 inches 
in diameter, when immersed in water so as to be just covered. 

Ans. 98 lbs. 3^ oz. 

6. A weight of 9 lbs. descends, drawing up another of 7 lbs. 
over a fixed pulley ; find the space described in 5 seconds. 

Ans. 50 feet 

7. What horizontal force will sustain a weight of 240 lbs. on 
an inclined plane rising 5 in 13 ? Ans. 100 lbs. 

8. Three parallel forces, 6, 8, and 10, act upon a body at 
distances 10, 12, and 14 respectively from a point without 
them ; what is the distance of their resultant from the same 
point? Ans. 12^. 

9. If the arms of a bent lever, of uniform thickness and 
density, be 8 and 10 inches respectively, and the distance 
between their bisections be 6 inches, find the distance of the 
centre of gravity of the lever from the bisection of the shorter 
arm. Ans. 3J in. 

10. If a cubic vessel, whose edge is 12 inches, be filled with a 
liquid whose specific gravity is 2*368, what is the pressure upon 
a side of the vessel ? Ans. 74 lbs. 

11. If the focal length of a double convex lens is 5 inches, 
the radius of each surface being 8 inches, what is the refractive 
index of the material of the lens ) Ans. f . 
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12. The pressure upon a surface containing 54 square inches 
is 125 lbs. ; what is the depth of its centre of gravity below 
the surface of the water 1 Ans. 5 ft. 4 in. 

13. If a cord 18 inches in length be fastened at two points 
in the same horizontal line, distant 12 inches apart, and if a 
smooth ring upon the cord sustain a weight of 20 lbs., what is 
the tension in the cord? Ans. 13*4 lbs. 

14. A mixture of gold and silver weighs 20 ounces, and its 
specific gravity is 12 ; what is the quantity of gold in the 
mixture? Ana 5*48 oz. 

15. The pressure upon a surface containing 20 square inches, 
at a depth of 12 inches, is 15 lbs.; what is the specific gravity 
of the fluid? Ans. 1728. 

16. Two convex lenses are placed 10 inches apart ; the focal 
length of the first is 3 inches, and that of the second 5 inches ; 
an object is placed 5 inches in front of the first lens ; find the 
position of the image formed by the second lens. 

Ans. 5 in. in front of the second lens. 

17. If two equal bars, of uniform thickness and density, be 
used in combination as levers of the first kind, and if the 
length of each of the longer arms = a, and of each of the shorter 
arms = b, and the weight of each bar = t(?, shew that, when 
P and W both act downwards, Pa' + J w (a^ — P) = W b^; and 
when P acts upwards and W downwards, Pa' + J w (a — by- 
Wb^; and when P acts upwards and W downwards, Pa — J- w 
(a - by = Wb\ 

18. What must be the diameter of a screw, the distance 
between the threads being ^ inch, in order that the mechanical 
advantage may be 44. Ans. 7 in. 

19. With what velocity must a body be projected vertically 
upwards that it may rise 225 feet ? Ans 120 ft. 

20. If a bar, whose length is 2Z and weight W^ be used as a 
lever of the first kind, find the distance of the fulcrum from 
the centre of the bar, when a power P sustains a weight W. 

Ans. (W-P)L 
^°'- P+~WTW'. 

21. If three pulleys, whose weights are tVi, to^, and w^, be 
arranged according to the first system, and P and W be in 
equilibrium, shew that if P descend through a space a, and x^, 
0^, a;,, be the spaces through which the puUeys severally rise in 
consequence, then 

Pa = Wxi + t(7i a?i + W2 x^ + M?5 Xy 



136 MISCELLANEOUS EXAMPLES. 

22. A spherical balloon, 42 feet in diameter, is filled with a 
gas, whose specific gravity is '9 ; what is the buoyancy of the 
balloon? Ans. 296*98 lbs. 

23. A cylindrical body, floating in water, with its axis 
vertical, is immersed, when under an exhausted receiver, to 
three-fourths of its length ; through what proportion of its 
length will it rise when the air is admitted, supposing the 
specific gravity of air in comparison with water to be 00122 ? 

Ans. 61 — i99756thB. 

24. If in the preceding, the cylinder, when under the 
receiver, be immersed to only one -fourth of the length, shew 
that the distance through which it will rise when the air is 
admitted will be three times as much as before. 

25. A cylindrical vessel, 8 inches in height, and 12 inches in 
diameter, is filled with water, the eye of an observer, who can 
just see the centre of the bottom of the vessel, is 30 inches 
from the rim, at what height is it above the level of the 
water? Ans. 18 inche& 

26. If a ray of light, within a glass prism, whose section is 
a regular octagon, fall upon one of the sides at an angle of 
45°, and in a plane at right angles to the axis of the prism, 
shew that the ray can never emerga 

27. If ABC, forming an equilateral triangle, be the section 
of a triangular glass prism, and if a ray of light fall upon the 
side AB, in a direction parallel to the side BC, and at a point 
near to B, shew that the refracted ray will not emerge when 
it reaches the side BO, and also that it will emerge from the 
side AC, and in a direction parallel to that of the incident 
ray. • 
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positions, with their application to the more perfect forms of Instruments. 8vo. 
12s. 6d. 

Potter* s Physical Optics ; or, the Nature and Properties of 

Light. A Descriptive and Experimental Treatise. 100 Illustrations. 8vo. 6s. 6d. 

NewtKs Elements of Mechanics, including Hydrostatics, 

vlth numerous Examples. By Sam0kl Newth, M. A., Fellow of University Col- 
lege, London. Fourth Edition. Revised and Enlarged. Small 8vo. 88. 6d. cloth. 

Newth' s First Book of Natural Philosophy; or, an Intro- 

duction to the Study of Statics, Dynamics, Hydrostatics, and Optics, with numer- 
ous Examples. 12mo. 3s. 6d. cloth. 

Newth* s Mathematical Examples. A graduated series of 

Elementary Examples, in Arithmetic, Algebra, Logarithms, Trigonometry, and 
Mechanics. Crown 8 vo. With Answers. 8s. 6d. cloth. 

Sold also in separate PartSy without Answers :— 
Arithmetic, 2s. 6d. I Trigonometry and Logarithms, 2s. 6d. 

Algebra, 2s. 6d. 1 Mechanics. 2s. 6d. 



WALTON AND MABERLY, 



NATURAL PHILOSOPHY, CHEMISTRY, Etc. 
Lardner^s Museum of Science and Art, Complete in 12 

Single Volumes, 18s., ornamenUl boards ; or 6 Donbla Ones, £\ is., cl. lettered. 
*«* AUOj handswnely haff-bound morocco, 6 volumes, £1 lU. 6d. 

CoNTKNTs: — The Planets; are they inhabited Worlds? Weather Prognostics. Po- 
pular Fallacies in Questions of Physical Science. Latitudes and Longitudes. Lunar 
Influences. Meteoric Stones and Shooting Stars. Railway Accidents. Light. Com- 
mon Things.— Air. Locomotion in the United States. Ck)metary Influences. Common 
Things.— Water. The Potter's Art. Common Tilings.— Fire. Locomotion and Trans- 
port, their Influence and Progress. The Moon. Common Tilings.— The Earth. The 
Electric Telegraph. Terrestrial Heat. The Sun. Earthquakes and Volcanoes. Baro- 
meter, Safety Lamp, and Whitworth's Al^ometric Apparatus. Steam. The Steam 
Engine. The Eye. The Atmosphere. 1*irae. Common Things.— Pumps. Common 
Things.— Spectacles— The Kaleidoscope. Clocks and Watches. Microscopic Drawing 
and Engraring. The Locomotive. Thermometer. New Planets.— Leverrier and Adams's 
Planet. Magnitude and Minuteness. Common Things.— The Almanack. Optical 
Images. How to Observe the Heavens. Common Things.— The Looking Glass. Stellar 
Universe. The Tides. Colour. Common Things.— Man. Magnifying Glasses. In- 
stinct and Intelligence. The Solar Micro.<$cope. The Camera Lucida. The Magic 
Lantern. The Camera Obscura. The Microscope. The Whit« Ants ; their Manners 
and Habits. The Surface of the Earth, or First Notions of Geography. Science and 
Poetry. The Bee. Steam Navigation. Electro-Motive Power. Thunder, Lightning, 
and the Aurora Borealis. The Printing-Press. The Crust of the Earth. Comets. 
The Stereoscope. The Pre-Adamite Earth. Eclipses. Sound. 

*»* This Work voill be issued in November, 1866, in a New and Elegant Binding Jbr 
a Christmas Present. Sold only complete (in this binding) in 6 vols. £1 1». 

Lardner's Animal Physics, or^ the Body and its Functions 

familiarly Explained. 620 Illustrations. Uniform with the •'Museum of Science 
and Art." 2 vols., small 8vo. each 3s. 6d. cloth lettered. 

Dr, Lardner^s Popular Series of Papers from the 

"Museum of Science Jind Art," arranged according to subjects. 



How to observe the Heavens — The New 
Planets — Leverrier and Adams's Planet 
Astronomical Instruments, 6d. 

Steam and Steam Engine. 6d. 

Time, its Measure and Reckoning Ex- 
plained. 6d. 

The Microscope. 6d. 

Clocks and Watches — Electromotive 
Power. 6d. 

The Electric Telegraph (Treble Number). 
Is. 6d. 

The Almanack Explained. 6d. 

The Planets; are they Inhabited Worlds? 
6d. 

The Potter's Art. 6d. 

First Notions of Geology (Dpuble Num- 
ber.) Is. 

Comets and Cometary Influences. 6d. 

MiProscopic Drawing and Engraving. 6d. 

The Pre-Adamite Earth. (Double Num- 
ber.) Is. 

Earth, Air, Fire and Water. 6d. 
The Locomotive: Railway Accidents. 6d. 

The Eye, Mitgnifyiug Glasses, Spectacles 
and Kaleidoscope. 6d. 



Sun, Moon, Latitudes and Longitudes, 
and Tides. 6d. 

Thermometer, Barometer, Safety Lamp, 
Whitworth's Apparatus, Pumps, Print- 
ing Press. 6d. 

Locomotion and Transport. — Locomotion 
in the United States, 6q, 

Terrestrial Heat and Meteoric Stones. 
6d. 

Optical Images, Looking-Glasses, Stereo- 
scope. 6d. 

Magnitude and Minuteness, Science and 
Poetry, Popuiar Fallacies, Lunar Influ- 
ences, Weatlier Prognostics. 6d. 

Thunder and lightning, Aurora Borealis, 
Eclipses, Atmosphere, Sound. 6d. 

Light, Colour, Solar Microscope, Camera 
Lucida, Camera Obscura, Magic Lan- 
tern. 6d. 

Steam Navigation. 6d. 

The Surface of the Earth ; or First No- 
tions of Geography. 6d. 

Man : The Bee and White Ants : With 
Instinct and Intelligence. (Treble 
Number.) Is. 6d. 

The Stellar Universe. 6d. 



137, GOWER STREET. 



Lardners Hand- Book of Natural Philosophy. 

i.i34 Cuts. Complete in 4 vols. 20s., or separately 

Mechanics, 5s. Electricity, Magnetism, and Acoustics. 

Hydrostatics, Pneumatics and Heat. 5s, Edited by Pkofessok Foster, bs. 

Optics. 58. 

Lardner and Dunkiris Hand- Book of Astronomy. 

Second Edition. Revised. 3^ Plates and 105 Illustrations on Wood. Complete 
in 1 vol., smallSvo., 78. 6d. 

Lardners Natural Philosophy for Schools. 

328 Illustrations. Third Edition. 1 vol., large 12mo., 3s. 6d. cloth. 

Lardner^s Animal Physiology for Schools {chiefly taken 

from the " Animal Physics")* 1^0 Illustrations. 12mo. Ss. 6d. cloth. 

The Telegraph Manual. By Dr. Lardner. New Edition. 

Revised and Re-written by E. B. Bkight, F.R.A.S., Secretary of the British and 
Irish Magnetic Telegraph Company. Containing Chapters on the Atlantic Tele- 
graph and the Telegraph to India, with descriptions of the Cables and the 
apparatus employed in Laying, Testing, and Working them ; also, of the means 
adopted in raising the Atlantic Cable of 1865. Many Illustrations. Small 8vo. 

Glossary of Scientific Terms for General Use. By Alexander 

Henkt, M.D. Small 8vo., 3s. 6d. 

Lardner's Popular Geologyl [From ^^ The Museum of 

Science and Art.") 201 Illustrations. 28. 6d. 

Lardner^s Common Things Explained. Containing : 

Air— Earth— Fire— Water — Time— The Almanack — Clocks and Watches— Spec- 
tacles — Colour — Kaleidoscope— Pumps — Man— The Eye — The Printing Press — 
The Potter's Art — Locomotion and Transport — The Surface of the Earth, or First 
Notions of Geography. (From "The Museum of Science and Art.") With 233 
Illustrations. Complete, 5s., cloth lettered. 

*»* Sold also in Two SerieSy 2s. 6d. jach. 

Lardner's Popular Physics. (From " The Museum 

of Science and Art.") With 85 lUostrations. 28. 6d. cloth lettered. 

Lardner^ s Popular Astronomy. (From '^ The Museum 

of Science and Art.") 182 Illustrations. Complete, 4s. 6d. cloth lettered. 
*»* Sold also in Two Series^ 2s. 6d. and 2s.. each. 

Lardner on tlie Microscope. (From '* The Museum of 

Science and Art.") I vol. 147 Engravings. 2s. 

Lardner on the Bee and White Ants; their Manners 

and Habits; with Illustrations of Animal Instinct and Intelligence. (From •• The 
Mufleum of Science and Art.") I vol. 135 lUustrationa. 28., cloth lettered. 

Laj'dner on Steam and its Uses ; including the Steam 

Engine and Locomotive, and Steam Navigation. (From '* The Museum of Science 
and Art.") 1 vol., with 89 Illustrations. 28. 

Lardner on the Electric Telegraph. 

100 Illust. ( From "The Museum of Science and Art.") 12mo., 8s.. cloth lettered. 

Liebig*s Natural Laws of Husbandry. 8po. 10^. 6rf. 
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Liebiff's Letters on Modem Agriculture, Small Svo, 6s. 
Liebig^s Familiar Letters on Chemistry. Fourth Edit, f 7s. 6d. 
Modem Chemistry, Experimental and Theoretic {An 

Introduction to), embodying Twelve Lectures delivered in the Royal College of 
Chemistry, London. By A. W. Hofmann, LL.D., F.R.S., Professor of Chemistry 
in the lioyal School of Mines. With many Illustrations. Small 8vo. 4s. 6d. 

A Guide to the Stars for every Night in the Year, In 

Eight Planispheres. With an Introduction. 8yo. Ss.* cloth. 



Loaic. 

De Morgan's Formal Logic ; or, the Calculus of Inference^ 

Necessary and Probable. 870. 68. 6d. 

De Morgan's Syllabus of a proposed System of Logic. 

8ro. Is. 

NeiPs Art of Reasoning; a Popular Exposition of the 

Principles of Logic, Inductive and Deductive: with an Introductory Outline of 
the History of Logic, and an Appendix on recent Logical Developments, with 
Notes. Grown 8vo. 48. 6d., cloth. 



DRAWING. 

Lineal Drawing Copies for the earliest Instruction. Com- 

prising upwards of 200 subjects on 24 sheets, mounted on 12 pieces of thick paste- 
board, in a Portfolio. By the Author of ** Drawing for Tonng Children." 5s. 6d. 

Easy Drawing Copies for Elementary Instruction, Simple 

Outlines without Perspective. 67 subjects, in a Portfolio. By the Author of 
** Drawing for Young Children.** 6s. 6d. Sold also in Two SetSy each 3s. 6(2. 

The copies are snffldeixtly large and bold to be drawn from by forty or fifty children 

at the same time. 



SINGINQ. 

The Singing Master, 

Sixth Edition. 8vo. 66., cloth lettered. 

Sold also in Five Parts, any of trAicft may be nad separately. 

I. — First Lessons in Singing and the Notation of Music, 

8vo. Is. 

//. — Rudiments of the Science of Harmony or Thorough 

Bass. 8vo. Is. 

///. — The First Class Tune Book, Thirty Single and 

Pleasing Airs, with sniteble words for young children. 8vo. 1 s . 

IV. — The Second Class Tune Book, Vocal Music for 

youth of different ages, and arranged (with suitable words) as two or three-part 
harmonies. 8vo. Is. 6d. 

V, — The Hymn Tune Book. Seventy popular Hymn and 

Psalm Tunes, arranged with a view of facilitating the progress of Children learn- 
ing to sing in parts. 8vo. Is. 6d. 

PRiNTXD BT WERTHEIMEB AMD CO. 



